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Abstract. We study Cheeger-Simons differential cliaracters and provide geometric de- 
scriptions of tlie ring structure and of tlie fiber integration map. The uniqueness of dif- 
ferential cohomology (up to unique natural transformation) is proved by deriving an ex- 
plicit formula for any natural transformation between a differential cohomology theory 
and the model given by differential characters. Fiber integration for fibers with bound- 
ary is treated in the context of relative differential characters. As applications we treat 
higher-dimensional holonomy, parallel transport, and transgression. 
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CHAPTER 1 



Introduction 

Differential characters were introduced by Cheeger and Simons in flTl. Let X be 
a differentiable manifold. A differential character of degree A: on X is a homomorphism 
h : Zi_i(X;Z) — > U(l). Here Z|(._i(X;Z) denotes the group of smooth integral-valued 
singular cycles of degree k — I. It is supposed that the evaluation on boundaries is given 
by integration of a form, more precisely, there exists a differential form curv(/i) e Q.^{X) 
such that h{dc) — exp (27r//^.curv(/!)). The form curv{h) is uniquely determined by h and 
is called its curvature. We denote the set of all differential characters on X of degree k by 
H''{X;Z). 

In degree k = I a differential character is essentially a smooth U(l)-valued function 
onX. If one is given a U(l)-bundle overX with connection, then one can associate a dif- 
ferential character by mapping any 1 -cycle to the holonomy of the bundle along this cycle. 
This sets up a bijection between isomorphism classes of U(l)-bundles with connection to 
the set of differential characters of degree k = 2. In a similar way, differential characters 
of higher degree correspond to "higher U(l)-gauge theories" like Hitchin gerbes in degree 
;t = 3. 

The Chern class provides a bijection between H^{X;'Z) and the set of isomorphism 
classes of U(l)-bundles (without connection). Hence H^{X;'Z) may be considered as a 
geometric enrichment of the singular cohomology group H^{X;Z). In fact, in any degree 
there is an analogous map c : W{X;'L) H^{X;'L) associating to a differential character 
its characteristic class. This observation can be axiomatized and leads to the concept of 
differential cohomology theory. Differential characters form a model for differential coho- 
mology. We give a constructive proof of the uniqueness of differential cohomology up to 
unique natural transformations by deriving an explicit formula for any natural transforma- 
tion between a differential cohomology theory and differential characters. 

Pointwise multiplication provides H'^{X;Z) with an obvious abelian group structure. 
There is a less obvious multiplication H^{X;'L) x H'{X;'Z) //*+'(X;Z) which turns 
H*{X;'Z) into a ring. We show that a set of natural axioms uniquely determines the ring 
structure. Again, the proof is constructive and gives us an explicit geometric description of 
the ring structure, quite different from the original definition in |17|. 

Like for singular cohomology and for differential forms there is a concept of fiber 
integration for differential characters. We show that naturality and two compatibility con- 
ditions uniquely determine the fiber integration map. Let TT ; £ — ?■ X be a fiber bundle with 
closed oriented fibers F. For the fiber integration map 7t< : ^'^+'1™(^)(£';Z) ^ H''{X;Z) 
we obtain the geometric formula 

{7t^h){z) =h{X{z))-exp(27Zi / f curv(/i)y 

^ Jaiz) Jf ' 

Here A is a transfer map and essentially does the following: given a cycle z in X look at the 
homology class represented by z and choose a closed manifold whose fundamental class 
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1. INTRODUCTION 



also represents this homology class. Then pull back the bundle E to this manifold and take 
a representing cycle of the fundamental class of the resulting total space. This is then a 
cycle in E which can be inserted into h. The "correction factor" exp {2Ki J^^^_^ /^curv(/!)) 

involves the fiber integration / of differential forms and a chain a{z) associated with z. It 
ensures that the construction is independent of the choices. 

The uniqueness results for fiber integration and for differential cohomology together 
show that the various fiber integration maps for different models of differential cohomology 
in the literature are all equivalent. 

There is the technical problem that not every homology class can be represented by a 
manifold. For this reason we have to allow for certain "manifolds" with singularities, called 
stmtifolds. We use stratifolds to define geometric chains in order to provide a geometric 
description of singular homology theory. 

There is a second reason to consider differential characters on more general "smooth 
spaces", rather than manifolds only. Certain infinite-dimensional manifolds have to be 
allowed because we want to apply the theory to the loop space of a manifold, for instance. 

The multiplication * and the fiber integration map are compatible: Given /i e //^ (X ; Z) 
and / G H\E;Z), we show that the up-down formula holds: 

TT, {K*h *f)=h* (tT./) e i/*+'-dimf (j^. 2) 

If the fibers of the bundle bound, then the fiber integrated differential character turns 
out to be topologically trivial. This means that its characteristic class vanishes. One finds 
an expUcit topological trivialization involving the curvature. A special case of this situation 
is the weU-known homotopy formula. Let / : [0,l]xX— >^ybea homotopy between smooth 
maps fo,fi:X andhe H''{Y; Z). Then we find 

/r/z-/o*/z = i(^'/;curv(/i)J^). 

We also consider the groups of relative differential characters, denoted H''{X ,A;'E). 
In degree k = I they correspond to smooth U(l)-valued functions on X with a lift to an 
M- valued function over A. In degree k = 2 they correspond to U(l )-bundles with connec- 
tion over X with a section over A. We derive long exact sequences relating absolute and 
relative differential characters. Since differential cohomology theories are not cohomology 
theories in the usual sense, these exact sequences are more subtle than those in singular co- 
homology theory, for instance. Our sequences provide criteria for a differential character 
to be topologically trivial over A. Fiber integration for fibers with boundary can now be 
defined. It is a map nf : H^+^MF) (E; Z) 5^+^ {X,X; Z). 

We apply fiber integration to construct transgression maps to the loop space ^(X) 
of a smooth manifolds X and more general mapping spaces. Transgression along is a 
homomorphism^'^CX; Z) H''-^ (if (X); Z). It is constructed by pull-back of differential 
characters from X to ^{X) x 5' using the evaluation map followed by integration over the 
fiber of the trivial bundle. Analogously, we define transgression along any oriented closed 
manifold Z. Using fiber integration for fibers with boundary we also define transgression 
along a compact oriented manifold with boundary. 

Differential characters are thin invariant: A smooth singular chain c S Q(X;Z) is 
called thin if the integral of any fe-form over c vanishes. For instance this happens if c 
is supported on a (fc — 1) -dimensional submanifold. Differential characters of degree k 
vanish on boundaries of thin /j-chains. In particular, they are invariant under barycentric 
subdivision. 
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We apply the notion of thin invariance to chain field theories, a modification of topo- 
logical quantum field theories in the sense of Atiyah. Generalizing work of Bunke and 
others, we show that chain field theories are invariant under thin 2-morphisms. 

Acknowledgment. It is a great pleasure to thank Matthias Kreck for very helpful dis- 
cussion. Moreover, the authors thank Sonderforschungsbereich 647 funded by Deutsche 
Forschungsgemeinschaft for financial support. 
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Smooth spaces 

Differential characters were introduced by Cheeger and Simons in flTl on finite- 
dimensional smooth manifolds. We will need to consider differential characters on more 
general spaces X. First of all, X may be a manifold with a nonempty boundary. Secondly, 
we have to allow certain infinite-dimensional spaces because we want to include exam- 
ples such as the loop space X — (M) = C°°(5',M) of a finite-dimensional manifold M. 
Thirdly, X may also be any oriented compact regular /j-stratifold as in 1351 . Stratifolds will 
be needed to represent homology classes. 

One convenient class of spaces to work with is that of differential spaces in the sense 
of Sikorski ll45l . Recall their definition: 

Definition 2.1. A differential space is a pair {X,C^{X)) where X is a topological 
space and C"(X) is a subset of the set C^{X) of all continuous real-valued functions such 
that the following holds: 

• Initial topology: X carries the weakest topology for which all functions in C°°{X) are 
continuous; 

• Locality: If / G (^{X) is such that for every point in X there is a function g E C°°{X) 
coinciding with / on a neighborhood of that point, then / G C°°(X); 

• Composition with smooth functions: If /i , . . . ,/t G C°°{X) and ^ is a smooth function 
defined on an open neighborhood of /i {X) x //^{X) cR'', then g o (/i , . . . , ) g C°° (X ) . 

The functions in C°°(X) are called smooth functions. A map f : X between dif- 
ferential spaces is called smooth if smooth functions on Y pull back to smooth functions 
on X along /. This way we obtain the category of differential spaces. 

On differential spaces one can define tangent vectors, A;-forms, their exterior differen- 
tial and one can pull back forms. The usual rules such as Stokes's theorem apply ll38l . In 
addition to that we will need that certain definitions of homology and cohomology which 
are equivalent in the case of manifolds remain equivalent. 

Definition 2.2. A differential space is called a smooth space if the following holds: 

• Continuous versus smooth singular (co-)homology: The inclusion of the complex of 
smooth singular chains (with integral coefficients) into that of continuous singular 
chains induces isomorphisms for the corresponding homology and cohomology the- 
ories; 

• deRham theorem: Integration of differential forms induces an isomorphism from deR- 
ham cohomology to smooth singular cohomology with real coefficients; 

• Strati/old- versus singular homology: Pushing forward fundamental cycles induces 
an isomorphism from the bordism theory of oriented p-stratifolds to smooth singular 
homology theory with integral coefficients. 
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2. SMOOTH SPACES 



Finite-dimensional manifolds (possibly with boundary), stratifolds and also infinite- 
dimensional Frechet manifolds such as the loop space of a compact manifold are all exam- 
ples for smooth spaces, see ll36l Ch. 7] for infinite-dimensional manifolds and ll35ll2Tl for 
stratifolds. 

Remark 2.3. Instead of differential spaces one could also use diffeological spaces 
as in ll34l to define smooth spaces in Definition l2.2l A smooth space would then be defined 
as a diffeological space satisfying the properties in Definition l2.2l These properties are not 
automatic; by |34, p. 272] there are diffeological spaces for which the de Rham map fails 
to be an isomorphism. 
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Refined smooth singular liomology 

Let X be a smooth space in the sense explained above. For n G No, we denote by 
C„ (X; Z) the abelian group of smooth singular n-chains in X with integral coefficients. The 
spaces of «-cycles and «-boundaries of the complex (C„(X;Z),(9) are denoted by Z„(X;Z) 
and B„ {X;'Z), respectively. Denote the space of smooth n-forms on X by £2" {X). 

Definition 3.1 (Thin chains). A smooth singular chain y e C„ {X;Z) is called thin if 

for all CO e Q."{X). We denote by S„{X;Z) C C„{X;Z) the subgroup of thin n-chains in X. 

This definition of thin chains is similar to that of thin homotopies in the literature, see 
e.g. Il2l [l4l . Thin homotopies will not occur in this paper, however. 

If X and Y are smooth spaces and if / : X F is a smooth map, then if c G C„ {X; Z) 
is thin, so is /*c £ C„(F;Z). Namely, for any o G £!"{¥) we have 

Hence /*(5'„(X;Z)) c5'„(y;Z) and/* induces a homomorphism/* : C„(X;Z)/5'„(X;Z) 
Cn{Y-'L)/S„{Y-'L). 

Denote the equivalence class of c G C„(X;Z) in C„(X;Z)/5'„(X;Z) by [c\s„- By defini- 
tion, integration of an n-form o G £2" (X ) descends to a linear map C„ (X ; Z) /5„ (X ; Z) — > K, 

Moreover, thin chains are preserved by the boundary operator Namely, for c G 
S„+i{X;'L) and any T] G £2" we have by Stokes's theorem 

[ n = fdri^O. 

Jdc Jc 

Thus (95„+i(X;Z) C S„{X;Z). The boundary operator induces a homomorphism 

C„+i(X;Z)/5„+i(X;Z) A B„{X-Z)/dS„+i{X-Z) . 

Since Z„(X;Z) cC„{X;Z) and dS„+i{X;Z) c5„(X;Z) we have a natural homomorphism 

(1) Z„{X;Z)/dS„+iiX;Z) C„(X;Z)/5„(X;Z) . 

Denote the equivalence class of z G Z„{X;Z) in Z„{X;Z) / dS„+i{X;Z) by [z]^^^^^,. Inte- 
gration of differential forms induces well-defined maps 

xC„(X;Z)/5„(X;Z) ^M, (t7,[c]5„) ^ f )? := /t], 
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3. REFINED SMOOTH SINGULAR HOMOLOGY 



and 



xZ„(X;Z)/a5„+i(X;Z) ^M, {n,[z]ds,J ^ 




'n+l 



Stokes's theorem says 



dT]= TJ 



Recall that for a closed form (O G Q."{X), integration over a smooth singular cycle z G 
Z„{X;Z) corresponds to evaluation of the deRham class [ojjdR &H^{X) on the homology 
class [z] e//„(X;Z),i.e., 



Remark 3.2. The quotients C„{X;Z)/Sn{X;Z) and Zn{X;Z)/dS„+i{X;Z) are geo- 
metrically very natural and appear in elementary constructions: for instance, if X is a 
closed smooth oriented n-manifold (or, more generally, an oriented compact n-dimensional 
regular p-stratifold without boundary) and if c,c' G Z„(Z;Z) represent the fundamental 
class of X, then they are homologous, i.e., there exists y G C„+i(X;Z) with c — c' = dy. 
For dimensional reasons C„+i(X;Z) = Sn+i{X;Z), hence [cj^^^^j = [c']as„_^i. In fact, in 
thiscase7/„(X;Z) =Z„(X;Z)/fi„(X;Z) =Z„(X;Z)/(95„+i(X;Z). 

If X has a boundary and c,c' G C„(X;Z) represent the fundamental class of X in 
Hn{X,dX; Z), then we can find y e C„+i (X; Z) = S„+\{X; Z) such that c — c' — dy is sup- 
ported in the boundary of X and is hence thin. Therefore [c]s„ = [c']s„ in this case. 

Generalizations of these elementary observations are crucial for the construction of 
geometric chains in the next section. 
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Geometric chains 



We now define our notion of geometric chains. The idea is to represent singular ho- 
mology classes in X by manifolds because this geometric description is well adapted for a 
geometric definition of fiber integration for Cheeger-Simons differential characters as we 
shall see. There is the problem however, that not all homology classes are representable by 
smooth manifolds. Fortunately, Kreck's stratifolds [35j provide a suitable generalization 
of manifolds which repairs this defect. 

For « S No let {X) be the set of diffeomorphism classes of smooth maps f : M ^X 
where M is an oriented compact n-dimensional regular p-stratifold with boundary, compare 
ll35l pp. 35 and 43]. Here two maps f :M ^X and /' : M' ^ X aie called diffeomoiphic 
if there is an orientation preserving diffeomorphism F : M ^ M' such that 



commutes. The equivalence class of / : M ^ X is denoted by [M X]. For « < put 
"^niX) {0}. If / : X ^ y is a smooth map, then we define /* : '^„{X) ~> '^„(Y) by 

M[M^X]):=[M^Y]. 

Disjoint union defines a structure of abelian semigroup on '^/f„{X). The boundary op- 
erator d : '^n{X) '^n-i{X) is given by restriction to the geometric boundary. For the 
boundary orientation we use the convention that an outward pointing tangent vector of M 
at a regular point p of dM followed by an oriented basis of Tp (dM) yields an oriented basis 
of TpM. 

We define a homomorphism % : %,{X) — > C„{X;Z)/S„{X;Z,) as follows: For/: M 
X choose a representing «-chain c of the fundamental class of M in H„{M,dM;Z). Then 
the equivalence class of c in C„ (M; Z) / S„ (M; Z) is independent of the particular choice of 

c and we put (p„ ( [M ^ X] ) : = [/, {c)]s„ . 

Similarly, if dM = 0, then the equivalence class in Z„{M;Z)/dS„+i{M;Z) of an 
«-cycle c representing the fundamental class of M in H„{M\Z) does not depend on 
the particular choice of c and we can define \//„ : S'n{X) Z„{X;'Z) / dS„+i{X;Z) by 



M 



F 



M' 




X 




and 



ir„(x):={Ce'^^„(x)|5C = o} 

^„(X) := {C e W) 1 3j3 e %,+x{X) : 5j3 = C} 
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4. GEOMETRIC CHAINS 



geometric cycles and geometric boundaries, respectively. We obtain the following com- 
mutative diagram: 



(2) 



<Pn+l 

C„+i(X;Z) 



inclusion dv= /v^ inclusion 
^ -A ) ^ e;„ (^A j 



B„{X;Z) inclusion Z„(X;Z) 



C„(X;Z) 
S„iX;Z) 



The map Z„{X;Z)/dSn+\{X;Z) -)> C„(X;Z)/5„(X;Z) is the one from ©. Diagram (E) is 
natural. In particular, for any smooth map f :X the diagram 



' ■ 

C„(X;Z) 
S„{X:Z) 



f,. 



S„{Y;Z) 



commutes and similarly for y/,,. 

From now on, we will, by slight abuse of notation, write [Qds„ i instead of YniQ for 
C e ir„ (X) and [j3]s„ instead of (p„ ()3 ) for j3 e %{X). 

For an oriented stratifold M we denote by M the same stratifold with reversed orien- 

tation. Then [M ^ X] ^ {M ^ X] is an involution on %,{X) which commutes with d. 
Furthermore, C + C ^ ^„(X) for any ^ G XiX) because /U/ : MUM is bounded 
by / : [0, 1] xM — s>X. In other words, the involution : 2fn{X) — > 2fn{X) induces —id on 
homology, 

[C] = -[Q in .yCiX) := 2fn{X)/S§„{X). 

In particular, the geometric homology J/f„{X) := ^„{X)/^„{X) is an abeUan group, not 
just a semigroup. 

The reason for using stratifolds instead of manifolds is the fact that the homomor- 
phisms \j/„ : ^„{X) ^ Z„ {X; Z) / dS„+i (X; Z) induce isomorphisms on homology (see | 
Thm. 20.1]): 



2f„{X) ^ Z„{X-Z)/dS„+i{X;Z) _ Z„{X;Z) 

' B„{X-Z) 



= H„{X;Z). 



SS„{X) Br,{X;T)ldSn+\(X\% 
The cross product of geometric chains is defined by 

X :<r,(X)®<r,.(X')^'4+A'(^xX'), 

[m4x] ® {M' ^X'\ ^ [MxM' ^^XxX']. 
By 135] Thm. 20.1] this cross product in is compatible with the usual cross product in 

Remark 4.1. At various occasions we will have to extend homomorphisms 
Zn{X;Z) — )> G to homomorphisms C„{X;Z) — > G where G is an abelian group. Since 
Bn-i{X',Z) is free, the exact sequence 

O^Z„(X;Z) 4C„(X;Z) ^B„_i(X;Z) ^0 

splits, though not canonically. In particular, any basis of Z„(X;Z) can be extended to a 
basis of C,j{X;Z). Therefore, any group homomorphism Z„(Z;Z) — > G can be extended 
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as a group homomorphism to C„(X;Z) — > G by defining it in an arbitrary manner on the 
complementary basis elements. 

Lemma 4.2 (Representation by geometric chains). There are homomorphisms tl, : 

C„+i{X;'L)^%,+i{X),a:C„{X;'l,)^C„+i{X;'L), andy:C„+i{X;Z) ^ Z„+i{X;1) such 
that 

(3) aC(c) = C(^c) /ora«ceC„+i(X;Z); 

(4) [i;{c)]s„^, = [c-a{dc)-da{c+y{c))]s,,^^ for all c € Cn+i{X-1)- 

(5) [i;{z)]3s„^,=[z-da{z)]3s„^^ forallzeZ„+iiX;Z). 

Proof, a) For any z e Z„{X;Z) the singular homology class represented by z lies 
in the image of the map induced by \j/„. Hence we may choose a geometric cycle 
C(z) e X{X) such that [z]ds„^, ~ [CW]as„+, e B„{X;Z)/dS„+iiX;Z). We may thus 
choose a smooth singular chain a{z) G C„+i(X;Z) such that (|5]l holds. In particular, if 
z = (9c G B„{X;Z) is a smooth singular boundary, then ^{z) = C('5c) G ^n(^) is a geo- 
metric boundary. 

Since Z„{X;Z) is free, the choices in z ^ C(-z) ^"d z i— )> a(z) can be made such that 
^ : Z„(X;Z) — > and a : Z„(X;Z) — > C„+i(X;Z) are homomorphisms. One simply 

makes choices on elements of a basis of Z„(X;Z) and extends as a homomorphism. In 
particular, we then have ^(0) = 0. We perform this construction in all degrees « G Nq. By 
Remark|4T|we can extend a to a homomorphism a : C„(X;Z) — s- C„+i(X;Z). 

b) We construct an extension of the homomorphism ^ to a homomorphism from sin- 
gular chains to geometric chains such that it commutes with the boundary operations. As 
an auxiliary tool, we first define a group homomorphism a : C„+i(X;Z) %j^i{X) by 
choosing a(c) on basis elements and extending as a homomorphism. On the basis ele- 
ments of Z„+i {X;Z) we set a{c) — ^{c). On the complementary basis elements we choose 
a(c) such that da{c) — Ci^c). This can be done since C(<5c) is a geometric boundary. We 
then have 

(6) [d{c-a{dc)-da{c))U,„, = [dc - da{dc)U„,, @ [C{dc)hs„,, = d[a{c)]s,„,. 
Hence there exists a smooth singular cycle y{c) G Z„^i (X;Z) such that 

(7) [c-a{dc)-da{c)-y{c)]s„^^ = [«(c)]s„+,- 

We can choose c h-> y{c) as a group homomorphism y : C„+i (X; Z) — > Z„+i (X; Z) by defin- 
ing it on basis elements, as explained above. On the basis elements of Z„+i(X;Z) we set 
y{c) = 0. Condition (|5]i implies that Q holds in this case. On the complementary basis 
elements, we choose y{c) G Z„+i {X; Z) such that (|7]i holds. 

We have Cl^W) G 3f„+i {X) and a{y{c)) G C„+2iX;Z) with 

[yic)~daiyic))U„,,^[i;iyic))hs„,2- 

If cG C„+i{X;Z) is a cycle we have a(c) + C(y(c)) = C(c) + C(0) = CW- We may 
thus extend the homomorphism ^ : Z„+i (X;Z) 3fn+i {X) constructed above to a homo- 
morphism C : C„+i{X;1) '€„+\{X) by setting C(c) := a(c) + C(3'(c)) G '€„+x{X). We 
perform this construction in all degrees n G Nq. 

c) We have constructed a group homomorphism ^ : C„+i(X;Z) — '^^„+i(X) such that 
in addition to (|5]l we have for all c G C„+i (X; Z): 

aC(c) = aa(c) + aC(3'(c)) = C(^c) + = C(5c) 



16 
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which is ^ and 

[c - a{dc) - da{c +y{c))]s^_^^ = [c - a{dc) - da{c) - yic)]s„^, + [y{c) - da{y{c))]s,_^^ 
(8) =[ac)]s„,r 

which is (|4]l. □ 

Now we turn to fiber bundles. Let F ^ E ^ X he a fiber bundle whose fibers are 
compact oriented manifolds possibly with boundary. For ^ = [M X] G '^k{X) (and 
C e if F has a boundary) let 




be the pull-back of the fiber bundle to M. Since M and F do not both have a boundary, g*E 
is an (A; + dim -dimensional compact oriented stratifold with boundary. The orientation 
of g*E is chosen such that an oriented horizontal tangent basis (defined by the orientation 
of M) followed by an oriented tangent basis along the fiber yields an oriented tangent basis 
of the total space. Put 

PB£(C) := [8*E 4 £] G ^A.+d„nf (£)■ 

This defines homomorphisms PB^ : Sl{X) ''^k+dimF{E) and also PBg : — > 
'^*:+dimf (£) if dF = 0. The following holds: 
• For each e we have 



(9) 



PBdEiQ, if /t is odd, 



PBg^iQ, if A: is even. 

• lfdF = 0, then we have for all C e %{X) 

(10) d{PBEQ^PBE{dQ. 

• PB, is natural in the following sense: Whenever we have a commutative diagram 




where h is smooth and H restricts to an orientation preserving diffeomorphism Ex 
^h{x) ^'^^ ™y X gX, then 



(11) 



^<r+dimf (£') 

MX) — 



- MX') 



commutes (replace by '^k if = 0)- 
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• PB, is compatible with integration of differential forms in the following sense; For all 
differential forms CO G and all C e 3fk{X) we have 



(12) 



/ 

J IP] 



(0 = 



CO. 



Here / denotes the ordinary fiber integration of differential forms. If dF = Q) replace 
[Qds,^, by [Qs, and demand m for all C G %{X). 

• PB, is functorial with respect to composition of fiber bundle projections: For a fiber 
bundle K : N ^ E with compact oriented fibers over a fiber bundle n : E ^ X with 
compact oriented fibers, we have the composite fiber bundle noK : N X with the 
composite orientation. In this case, we have 

(13) PB;io;c = PB;cOPB;i. 

• PB, is compatible with the fiber product of bundles: For fiber bundles E ^ X and 
E' X' with compact oriented fibers and geometric chains ^ = [M A X] ^'^^{X) and 

C = [M' ^ X'] e %>{X'), we have: 

(14) PB£,£,(C X C') = (-if "^'"^PBslO xPB£,(C') e %+k'+,imF.F'iExE'). 

Properties (|9]l, ( fTOl i. (fT2l i. and ( fTTt are readily checked. The sign in ( fT4l i is caused 
by the conventions on orientations. To verify (fTTt we observe that there is an orientation 
preserving diffeomorphism / : E — h*E' such that 

" J 




commutes. Now for any 11, ^ [M ^ X] ^ ^k{X) get an induced orientation preserving 
diffeomorphism g*7 : g*E g*h*E' such that 

hog 

g*h*E' ——^ E' 
s*J 
g*E 




commutes. Thus [g*E ^ £"] = [g*h*E' ^ £"] G '^i:+dimf (£")■ We compute 

PB£,(/^*(C))=PB£'([M^X']) 



= ^*(PB£(C)) 



and (fTTT i is shown. 
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Remark 4.3. Transfer map on cycles. We construct a transfer map on the level 
of singular cycles. Let C, '. C^— dimF — ^ '^k—dimpi^) be the homomorphism from 
Lemma 14. 2 1 We construct a homomorphism A : Z^_(]i]^/7 {X;1) -> Zk{E;Z) such that 

(15) mz)]ds,^,=[PBEiaz))]ds,^, 

for all cycles z S Zi^_^^^p{X;'L). For any z in a basis of Z^_(]ijnf (X;Z) we choose a 
cycle A(z) <^Z]^{E\'£) representing [PB£(i^(z))]55^^| andextendA as a homomorphism. In 
particular, A maps Z?i._(jin,f (X;Z) to B]^{E\%). We perform this construction in all degrees 
k > dimF. 

Extension to chains. We extend the transfer map A : Zii^dimF{X','Z) Zk{E;Z) to a 
homomorphism A : Q_dimF(^;^) — ^ Ck{E\'L) in an appropriate manner First, we extend 
A : Z(._(iijnf (X;Z) —5- Zf^{E\l}) to a homomorphism y : Q._dimf ^ Cii{E;Z) as de- 

scribed in Remark 14. II On the basis elements of Z/,_(ji]^f (X;Z) we set 7(c) := A(c). On 
the complementary basis elements we choose A:-chains 7(c) such that dyic) — A (dc). This 
is possible since X{dc) is a boundary. 

We then have: 

i[PB£(5CW)]a5, 
'^^<3a[PB.(C(c))].,. 
Hence there exists a cycle w(c) £ Zi;{E;Z) such that 

(16) [7(c)-w(c)],,-[PB£(C(c))]s,. 

We can choose c ^ ^{^^ ^ group homomorphism w ! C^— dimF 

{X;Z) -^Zk{X;Z) by 
defining it on basis elements, as explained above. On the basis elements of Z/i^^i^p 
we set w{c) = 0. Condition ( fTSl l implies that ( fTSI l holds in this case. On the complementary 
basis elements, we choose w{c) G Z<.(£';Z) such that ( fTSI l holds. 

If c G Ck~dimF{X',Z) is a cycle, we have 7(c) — w(c) = A(c) + = A(c). We set 
A(c) := 7(c) - w(c) for general c e Q-dimfl^;^)- 

Transfer map on chains. We have extended the transfer map on cycles to a group 
homomorphism A : Cjt-dimF 

{X\Z) Ck{E;Z) with 

(17) dX{c)=X{dc) 
and 

(18) = [y{c)-w{c)]s, ^ [PB^(C(c))]5, 

The transfer map A should be thought of as the pull-back mapping on the level of chains. 

Remark 4.4. Transfer map and fiber integration of differential forms. From ( I12l l. 
we conclude that for any differential form O) G Q.''{E) and any smooth singular chain c G 
Q-dimf we have: 

(19) I (0 = I f CO. 

J He) J[ms,_,^, Jf 
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In paiticulai", if CO is a closed form, Q yields: 

(20) / (0= f i CO. 

Jx(c) Jc-a(dc)JF 

For a cycle z G Zi._(jimF(^;^) and CO E £2*(£'), we also have: 

(21) co= 7®=/ f ^■ 

Remark 4.5. Transfer map and fiber integration on singular cohomology. Let F ^ 
£ -> X be a fiber bundle with compact oriented fibers without boundary. The construction 
of the Leray-Serre spectral sequence in [43| involves the construction of Eilenberg-Zilber 
type maps EZ : Cp(X;Z) (SiCq{F;Z) — > E^^ for all p,q E Nq. These maps induce a map 
of bigraded chain complexes 

(C. (X; Z) C. {F; Z) , 1 5^) ^ {E^, , do) . 

The induced maps on homology yield identifications Cp{X;Hq{Fx\1,)) E^ ^. Here Fx 
denotes the fiber of the bundle over x EX and {Hq{Fx\iy\xex the corresponding local 
coefficient system. 

We consider the special case q — dim(F). Since the bundle F ^ E ^ X has compact 
oriented fibers the local coefficient system {Hq{Fx\ l^^xex has a canonical section x H> [Fx] 
where [Fx] E H^imFiFx','^) is the fundamental class. 

The maps Z — !■ //(ji,^(f)(Ff;Z), k - [Fx], induce a homomorphism of chain com- 
plexes 

(C.{X;Z),a) -> (C.(X;//d„n(F)(^'x;Z)),a) ^ {El,,d,) . 
On the homology of the last two chain complexes we get the well-known identification 
Hp{X;Hq{Fx;'Z)) ^Ej^^^ for the case ^ = dimf . 

Let c E Q_(jimf (^;^) be a smooth singular chain in the base X. Let [/x] E //*(£';Z) 
be a cohomology class on the total space and /i G (£; Z) a cocycle representing it. Fiber 
integration for singular cohomology as constructed in [SJ maps the class [/x] E H^{E; Z) to 

n,[ii]:^ [c^pL{EZ{c®[Fx]))\ E h''-'^^^ {X;Z) . 

By the constructions of the pull-back operation PBg on smooth chains and the transfer map 
A on singular chains, the chain A(c) £ Q (£';Z) represents the equivalence class EZ{{c — 
a{dc) — da{c+y{c))) ® [Fx]) E £'/_dimFdimf °f smooth singular ^-chains in E. Combining 
this observation with the definition of the map K\ : H*^(£';Z) ^ //*'"'^™^(X;Z) we obtain: 

m[ii] = [c^n(EZ{c®[Fx]))] 

= [c ^^(EZ{c®[Fx]))] + [5{c ^ n{EZ{a{c) [Fx])))] 
= [c ^ii(EZ{c®[Fx]))] + [c ^n(EZ{a{dc)) [Fx])] 
+ [c ^ ^(EZ{da{c+y{c))®[Fx]))) 

=0 

= [c^ ll(EZ{c-a{dc) - da{c + y{c))) ® [Fx])] 
= [c^^{X{c))] 

(22) 
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Thus pre-composition of cochains with the transfer map on chains yields the fiber integra- 
tion on singular cohomology. 

Remark 4.6. Transfer map on homology. As for fiber integration on singular co- 
homology, the Eilenberg-Zilber map from the Leray-Serre spectral sequence induces the 
so-called homology transfer H^fiX^Wi) — )■ (HmF ~^ ^*+dimF 

(£;Z), [z] ^ [£Z(z® [FJ)]. 

By construction, homology transfer is represented on the level of cycles by the transfer 
map A : Z* (X; Z) Z^,^ii^f{E; Z) constructed in Remark |43] Hence the name. 

Remark 4.7. Fiber integration, transfer and push-forward. In the literature, fiber 
integration is sometimes referred to as cohomology transfer. Both homology and coho- 
mology transfer can be defined for any smooth map between compact oriented smooth 
manifolds by conjugating the pull-back and push-forward maps with Poincare duality, see 
e.g. |.19i Ch. VIII, § 10]. Therefore, fiber integration is also referred to as push-forward. 



CHAPTER 5 



Differential characters 



Differential characters were introduced by Cheeger and Simons in flT'l. The group 
H'^{X;'Z) of differential characters in a smooth space has various equivalent descriptions. 
For instance, it is isomorphic to the smooth Deligne cohomology group {X;l]{l)), 
see e.g. |15|. Differential characters can also be described by differential forms with sin- 
gularities as in [ 16 1 or as de Rham-Federer currrents as in 129, .30. ,31il . The groups of 
differential characters are often referred to as differential cohomology. We use the original 
definition of differential characters due to Cheeger and Simons. 

We first recall the definition and some elementary properties of Cheeger-Simons dif- 
ferential characters. Then we give a new proof of a result of Simons and Sullivan saying 
that for any differential cohomology theory there is a unique natural transformation to the 
model given by differential characters. Our proof yields an explicit formula for this natural 
transformation. Similarly, we reprove the abstract uniqueness result for the ring structure 
due to Simons and Sullivan by deriving an explicit formula from the axioms. 

Stratifolds enter the game because they can be used to represent homology classes. 
However, we do not modify the definition of differential characters as in lHOll . The us- 
age of stratifolds in 1 10] to represent cohomology classes is responsible for the limitation 
to finite-dimensional manifolds. Instead of stratifolds one could also use Baas-Sullivan 
pseudomanifolds. It was proposed in lIlSl to use them to describe differential characters. 



Let X be a smooth space. We denote by H''{X;Z) the abehan group of degree A: > 1 



The notation ho d d means that there exists a differential form O) G such 

that for every smooth singular chain c e Q(X;Z), we have: 



The differential form (O is uniquely determined by the differential character h G H'^{X;Z). 
Moreover, it is closed and has integral periods. This form (O =: curv{h) is called the 
curvature of h. If curv(/i) = 0, then h is called a. flat differential character. 

Moreover, a differential character h determines a class c{h) e H^{X;Z), constructed 
as follows: Since Z<._i(X;Z) is a free Z-module, there exists a real lift h of the dif- 
ferential character h, i.e., h £ Hom(Zi._i(X;Z),R) such that h{z) = exp{2nih{z)) for all 



It is convenient to shift tlie degree of the differential characters by +1 as compared to the original definition 
from 1171 . Thus a degree k differential character has curvature and characteristic class of degree k. 



1. Definition and examples 



differential characters, i.efl, 



(23) 



h\X\1) ■= {he\\Qm{Zk-\{X\'£),\J{\))\hod eQ.\x)] . 



(24) 
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zeZi._i(X;Z). Then set 

(25) n'' : CkiX; Z)^Z, jcmv{h) - h{dc) . 

Since curv is closed ju'' is a cocycle, and it follows from equation (l24l i that it takes integral 
values. The cohomology class [/i''] S H^{X;'Z) does not depend on the choice of the lift h. 
Now c(/i) := [jj.''] G H^{X;Z) is called the characteristic class of /i. If c(/i) = 0, then h is 
called a topologically trivial differential character 

By definition, any real lift /i of a differential character h yields a cocycle for the char- 
acteristic class c{h). Conversely, if G C''{X; Z) is a cocycle representing the cohomology 
class c{h) e H''{X;Z), then we can find a real lift h' such that ji = fi'^' := curv{h) - 5h'. 
For if h is any real lift of h, then /i and /x'' are cohomologous, i.e. there exists a cochain 
t G C^'"'(X;Z) such that 8t = Setting /i' -.^h + t yields a real lift of /; with 

^'^ = curv(/!) — 5h-8t^ n'' — 5t = n. 

Note that by ( |25] ). the image of c(/i) in //'^(X;R) coincides with the image of the de 
Rham cohomology class [curv(/i)](iR of curv(/!) under the de Rham isomorphism. 

Remark 5.1. Even though the abelian group U(l) is written multiplicatively, we 
write H'^(X;Z) additively, i.e., for G H*^(X;Z) andz G Zi._i(X;Z) we have 

{h + h'){z)=h{z)-h\z). 

The neutral element G Z) is the constant map 

0(z) = l. 

The reason for this convention is that there is an additional multiplicative structure on 
H*{X\1j) analogous to the cup product turning it into a ring. The ring structure will be 
discussed in Section |6] 

Let 77 G ' (X ) be a differential form on X . We define a differential character I ( TJ ) G 
H''{X;1) by setting 

(26) i{ri){z):^exp(2mjr]y 

Evaluating on boundaries, we see that in this case, 

(27) curv(i(T7)) = c/77. 
Taking i (77 ) (z) : = X ^ real lift, we have by Stokes's theorem 

^'('"(x) ^ [dri- i(ri){dx) = f dri - f 77=0 

J X J X J dx 

SO that h is topologically trivial. If also drj ~ 0, then curv(i(Tj)) = 0, thus h is flat. 

We thus obtain a homomorphism i : i2*^^'(X) — H'^{X;Z). If the closed form rj has 
integral periods, then i{rj){z) — 1 for every z, thus i(tj) = 0. A form Tj G Q.''^^{X) such 
that i(tj) — h£ //*(X;Z) is called a topological trivialization of h. 

LetM G//*^"^(X;U(1)). We define a differential character j{u) GH'^(X;Z) by setting 

(28) j{u){z):={uM)- 

Thus we obtain an injective map ; : (X;U(1)) H^{X;Z). 
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By Q.^i{X) we denote the space of closed A;-forms and by ilQ{X) C £2^;(X) the set of 
closed ^-forms with integral periods. We identify the quotients 



D/^JX) 



using the de Rham isomorphism. Here //'''(X;Z)r C //^(X;R) denotes the image of 
//*(X;Z) in //'^(X;R) under the natural map induced by the change of coefficients. Re- 



H'^{X;Z) induces a homomorphism 



-^H''{X;Z), again 



call that I : D.''-\X) 
denoted i. 

We obtain the following commutative diagram with exact rows and columns: 
(29) 



H'-'{X;\J{1))^ 



■H''{X;Z) 



^Ext(//^_i(X;Z),Z) *-H''{X;Z) ^nom{Hk{X;Z),Z) 





The left column is obtained from the long exact cohomology sequence induced by the 
coefficient sequence 0— )>Z— >U(1)^'0 together with the canonical identification of 
Ext(//<;_i(X;Z),Z) with the torsion subgroup of H'^{X;Z). The middle column says that 
a differential character admits a topological triviahzation if and only if it is topologically 
trivial. 

For reasons that will become apparent later, we extend the definition of the group 
H''{X;Z) by setting 

(30) h''{X;Z):=h''{X;Z) for;t<0. 

This is the only possible choice compatible with the diagram (|29] l. In particular, we have 
H*(X;Z) = {0} for k<Q. For k < 0, we define the characteristic class c : H''{X;Z) 
H''Ix;Z) to be the identity. 

Remark 5.2. Thin invariance. By construction, the evaluation of differential charac- 
ters is well defined on Zk-i(X;Z) / dSk{X;Z): If z e Zk-\{X;Z) with z = dy and /^.T] = 
for all T] en'^(X), then we find; 



h{z) — h{dy) = exp (ini J^ cuiv{h) ^ = I . 



=0 



We refer to this property of differential characters as thin invariance. 

In particular, differential characters are invariant under barycentric subdivision of 
smooth singular cycles. This was already observed in IITtI p. 55]. 
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Remark 5.3. Natumlity. If / : X — > 7 is a smooth map, then one can pull back 
differential characters h €H'^{Y;Z) onY toX by 

rh:=hof, 

where /* : Z<._i (X;Z) — > Z<._i (}';Z) is the induced map on cycles. This defines a homo- 
morphism /* : H*(F;Z) ^ H''{X;Z). One easily checks that curv(/*/i) = f*ciirv{h) and 
c{f*h)=f*c{h). 

Remark 5.4. Evaluation on torsion cycles. Let /; e H^{X; Z) and let z S Zi._i (X; Z) 
be a cycle that represents a torsion class in /4_i(X;Z). Hence there exists an G N such 
that N -[z] = e Hk-i{X;Z). Choose x e Q(X;Z) such that N ■z = dx. In particular, 
z—ji-dxdi^ real cycles. Then we have: 



h{z) — exp {ini ■ ~h{z)^ 



ncmv{h)-ii\x)). 



= exp (^Ki ■ h{— ■ dx 
= exp(^/i(^x) 

= exp(^5/;(x) 

iTti 
= ^'^P AT 

If /i S Z*^(X;Z) is another cocycle representing the characteristic class c{h), then we have 
pJ^-li^ 5t for some t (^&+\X;'L). This yields 

i . {n'^ ii){x) ■x)^t{^- dx) = t{z) e Z. 

Thus although the evaluation of c{h) on x is not well defined, by abuse of notation we may 
write 

(31) h{z) - exp^ (^curv(/i) - {c{h),x) 

In particular, if h is topologically trivial and flat, then it vanishes on torsion cycles. 

The latter fact can also be deduced from the commutative diagram ( |29] l: if h is in the 



image of the map „i._i ^^ > H (X;Z), then the real lift h can be chosen to be a real 

cocycle. Thus h vanishes on torsion cycles, and so does h. 

Remark 5.5. Let h e H'^{X; Z) be a differential character on a smooth space X, and 
let z G Z^_i (X; Z) be a smooth singular cycle. According to Lemma l4!2l we get a geometric 
cycle = [M^X]e (^) and a smooth singular chain a{z) G Q.(X;Z) such that 
[z — da{z)]dsi, — [^{^)]dSt- Since differential characters are thin invariant, we have 



h{z)=h{[i;{z)hs,)-h{da{z))^hmz) 



ds,) ■ Uni curv(/i; 



We may also pull back the differential character along the smooth map g to the stratifold 
M. For dimensional reasons, g*h is topologically trivial and flat, hence g*h = i{p) for 
a closed differential form p G £2j;"'(M). By definition, the evaluation of h on [C(z)]asj 
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is the same as the evaluation of g*h on any representing chain of the fundamental class 
[M] e Hk_ 1 (M; Z) = 1 (M; Z) /dSi, (M; Z) of the stratifold M. So we may write: 



(32) hiz) = /i([C(z)]3s,) - exp (2;r/ / curv(/!)) 

Ja{z) 

(33) =g*h{[M])-exp(27i:i curv(/!)) 

(34) =exp(2;r// pj-expilni curv(/i) 

^ Jm ^ ^ Ja(z) 

We check that (|33] | is consistent with the property (|24] | that defines differential char- 
acters: for a boundary z~ dc e Bk_i{X;Z) we choose ^{c) 6 and a{c) e Ca:(X;Z) 
as in Lemma l4!2l This yields: 



= exp 



h{dc) — h{d[l^{c)]s^) -sxpllTti / curv(/i 

^ Ja{dc) 

2nii I curv(/z) + / curv(/z) 
2;r/( / curv(/!) — / curv(/i) 



= exp (^2ni J^ curv{h)^ . 

We identify differential characters in low degrees as mentioned in lIlTl p. 54]. 

Example 5.6. \]{\)-valued smooth functions. LetXbe a differentiable manifold and 
let /t = 1. We showH'(X;Z) = C°°(X,U(1)). Any homomorphism /i : Zo(X;Z) ^U(l) 
corresponds to a map /i : X — s> U(l). For a fixed point xq G M we identify a neighborhood 
of XQ with a ball such that xq corresponds to its center. For x in this neighborhood we let 
y{x) be the straight line from xq to x. By ( |24] | we have 



/i(x) = /!(xo) • exp ( 27r/ • / curv(/2) ) . 



This shows that h is smooth. 

Conversely, given a smooth function /z : X — > U(l), we choose a smooth local lift 
h:U CX ^M., i.e., exp(27ri7i(x)) = h{x), and put co :^dh. This form co does not depend on 
the choice of lift and is therefore a globally defined 1 -form on X. Now h : Zo(X;Z) — ;> U(l) 
given by hiJLjajXj) = Y\jh{xj)^i is a differential character with curvature (O. Hence h is 
flat if and only if h is locally constant. Moreover, h is topologically trivial if and only if h 
has a global Hft /i : X ^ K. 

For the characteristic class one can check that 

c{h)^h*e 

where G //^ (U( 1 ) ; Z) is the fundamental class. From now on we will identify i/i(X;Z) = 
C°°(X,U(1)) and not distinguish between /z e (X;Z) and /i e C"(X,U(1)). 

Example 5.7. \]{\)-bundles with connection. Let X be a differentiable manifold and 
let k = 2. For a U(l)-bundle with connection (P, V) on X, the holonomy map associates 
to each smooth 1-cycle z an element h{z) G U(l). Let denote parallel transport along 
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an oriented curve c with respect to the connection V. If c is closed and z is the cycle 
represented by c, then h{z) is characterized by {p) = p ■ h{z). Here p <E P lies in the 
fiber over the initial point of c and h{z) does not depend on its choice. 

This defines a differential character h e H^{X; Z) whose curvature is cmv{h) = T^jR^ , 
where is the curvature of V. The characteristic class c(/i) is the first Chern class of P. 

Conversely, any h G H^{X;Z) is the holonomy map of a U(l)-bundle with connec- 
tion and determines the bundle up to connection-preserving isomorphism. Hence differen- 
tial characters in H'^{X;'L) are in 1-1 correspondence with isomorphism classes of U(l)- 
bundles with connection. 

Change of connections. Given a U(l)-bundle with connection (P,V) and a 1-form 
p € il' (X), we get a new connection V' = V + ip on P. The differential character corre- 
sponding to (^', V') is obtained by adding i(^p) to the character corresponding to {P,^). 

Topological trivializations . If the U(l)-bundle f — X is topologically trivial, any 
trivialization T : P — > X x U(l) yields a 1-1 correspondence of connections V on f and 
differential forms i?(V, T) G Q} (X). Under this correspondence, the connection 1-form of 
V is given as (T opri)*(— 27r/i5(V, T)). Parallel transport along a curve c inX with respect 
to a connection V on f corresponds to multiplication with exp (27r/ j^. iJ(V, T)) . In partic- 
ular, the holonomy map of (f , V) is given as c H> exp (2nij^ t& (V, T)) , hence h = i{d-). 

Conversely, given a 1-form p <eD}{X) such that h = l(p), then the first Chem class 
of the correponding U(l)-bundle P vanishes, hence P is topologically trivial. One can 
directly construct global sections and hence trivializations of the bundle P from the 1-form 
p. This is explained in detail in Example l8.4l below. 

Flat bundles. If P — > X is a U(l)-bundle which admits a flat connection V, then 
ci{P) is a torsion class. The holonomy of V along a closed curve now only depends 
on the homotopy class of the curve and thus yields an element in Hom(;ri(X),U(l)) = 
\lom{Hi{X);\]{\))^H\X;\5{\)). 

Conversely, for any homomorphism % ■ ^i(^) ^U(l), the U(l) -bundle P : — X 
U(l) associated to the universal cover via the representation x has Chem class ci{P) = 
X G Hom(;ri(X),U(l)) ^i/'(X;U(l)). The canonical flat connection on the trivial bundle 
X xU{l) descends to a flat connection on P with holonomy map X- 

The 1-1 correspondence between isomorphism classes of flat bundles and homomor- 
phisms 7ri{X) — s> U(l) thus obtained corresponds to the isomorphism j : //'(X,U(1)) ^ 
Hl^^iX;!.) of diagram 

Example 5.8. Hitchin gerbes with connection. Let X be a differentiable manifold 
and let ^ = 3. Similar to the case k~2 and U(l)-bundles with connection, there is a 1-1 
correspondence between differential characters in H^{X;'L) and isomorphism classes of 
Hitchin gerbes with connection I.32J . 

2. Differential cohomology 

There are several ways to define differential cohomology axiomatically as a functor 
//*(■; from the category of smooth spaces to the category of Z-graded abelian groups, 
together with natural transformations cufv ://*(•; Z) (curvature), c ://*(• ;Z) — > 

H*{-;Z) (characteristic class), T : £1*" ^ ( • ) '(■) ^ //*(•; Z) (topological trivializa- 
tion) and j : i/*^'(-;U(l)) — t- H*{-;Z) (inclusion of flat classes). One difference of our 
definition from those used in f44) and fl2\ is that we require the functor to be defined on a 
class of spaces also containing stratifolds. 



2. DIFFERENTIAL COHOMOLOGY 
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Definition 5.9 (Differential cohomology theory). A differential cohomology theory 
is a functor H*{-;Z) from the category of smooth spaces to the categoy of Z-graded abehan 
groups, together with four natural transformations 

• cufv : H*(-;'L) ■ ), called curvature, 

• c : H* ( • ; ^) ^ H* called characteristic class, 
: • ) H*{-;Z), called topological trivialization, and 
: //*^'( • ;U(1)) H*{-;Jj), called inclusion of flat classes, 

such that for any smooth space X the following diagram commutes and has exact rows and 
columns; 



• I : 



(35) 







H*-HX;\ 











■H*-\X;U{1))— ^H*{-;Z) — 



^Ext(//,_i(X;Z),Z) ^H*(X;Z) ^ Hom(//*(X;Z),Z) 















Remark 5.10. Note that the upper and lower rows as well as the left and right 
columns of ( |35] | are exact sequence, independently of the differential cohomology theory 
//*( ;Z). Thus the requirement is that the middle row and column are exact sequences 
and the whole diagram commutes. Commutativity of the right upper quadrant means 
that curv o i is the exterior differential. Commutativity of the left lower quadrant means 
that CO j is the connecting homomorphism in cohomology for the coefficient sequence 
^Z—^'R—^U{1) — >0. Hence our definition of differential cohomology coincides with 
that of character functors in ll44l p. 46]. 

In this section, we show uniqueness of differential cohomology theories up to unique 
natural transformations. More precisely, for any differential cohomology theory //*( • ;Z), 
there exists a unique natural transformation E ://*(•; Z) H*{X;Z) that commutes with 
the identity on the other functors in diagram|35] Equivalent statements were proved in ll44l 
Thm. 1.1] and in [12 Thm. 3.1]. Our proof differs from both in that for any fixed smooth 
space X we obtain an explicit formula for E : H* {X; Z) H*{X;Z). However, we rely on 
ll44l Lemma 1.1] to conclude that E commutes with the characteristic class. 

The proof of uniqueness of differential cohomology up to unique natural transforma- 
tion is done in two steps: We first show that if there exists a natural transformation, then it 
is uniquely determined. 

Theorem 5.11 (Uniqueness of differential cohomology I). Let H*{ -;Z) be a differ- 
ential cohomology theory in the sense of Definition 15. 91 Suppose there exists a natural 
transformation E : H* ( ■ ; — ^ H* ( • ; that commutes with curvature and topological 
trivializations. Then E is uniquely determined by these requirements. 
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Proof. Let X be a smooth space. By assumption, we have a homomorphism E : 

H*{X;Z) ^ H*{X;Z) satisfying 

(36) SoT=i, 

(37) curv o E = cufv . 

Moreover, naturaUty means that for any smooth map / : F — > X and any x G H*{X), we 
have: 

(38) r(s(x))=s(rx). 

Now let X e H''{X;Z), and let z e Zt_i(Z;Z). We show that E(x)(z) is uniquely de- 
termined: Choose homomorphisms ^ : Zii_i{X;Z) — > and a : Z<._i(X;Z) — s- 
Ck{X;Z) as in Lemma 112] such that [z - da{z)]dsi, = [CWlas^ Remark 15^ differ- 
ential characters are thin invariant. Thus we have 

Z{x){z)=Z{x){[az)U,)-^{^){Mz)) 



lE(x)([C(z)],5j-exp(27r/ / curv(S(x)) 



Write ^{z) = [M X]. For dimensional reasons, we have c{g*x) = 0. Thus by ( |35] ). we 
find p e ^''"'(X) such that g*x='L{[p]). This yields: 



S(x)(z)l'g*S(x)([M]).exp(27r//" 



curv(x) 



S{g*x){[M]) -exp (ini curv(x) 
= S(T([p]))([M]) -exp (iTTi f 6^wix) 
^l{p){[M])-exp(27ti cSv(ji:) 

^ Ja(z) 



(39) 


(26) 

= exp 


2ni( / p-f- 


/ curv(ji:)) 











We have derived an explicit formula for E and, in particular, proved its uniqueness. □ 
Now we take ( [39] l to define a natural transformation Z : H* {■ ;Z) —>//*( •; Z): 

Definition 5.12. Let //*( ;Z) be a differential cohomology theory. We define a 
natural transformation E ://*(•; Z) H* {■ ;X) as follows: Let X be a smooth space and 
X e H''{X;Z). Choose homomorphisms C : Zi._i(X;Z) ^ and a : Z<,_i(X;Z) ^ 

QiX; Z) as in Lemmagllsuch that [z - da{z)]dSi, = [C (2)]ast ^ ^ (X; Z). Write 

— [M X]. For dimensional reasons, we have c{g*x) = 0. Thus by (|35] |. we find 
p e n'^"^(M) such thatg*x — T{[p]). Now we set: 

(40) := exp 27ti( p+ cufv(x) 

L ^Jm Ja{z) 

The following Lemma shows that E is well defined. The fact that C, and a are homo- 
morphisms will be convenient for the proof of Theorem I5.14l but for formula (l40l i this is 
not relevant. 
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Lemma 5.13. Let X be a smooth space and X e H''{X;Z). Let z e Zk-i{X;Z). Let 

i;'{z) = [M' ^X] G %-i{X) anda'iz) G Q(X;Z) be any choice of geometric cycle and 
singular chain such that [z — da' {z)\dSf. = [C'(z)](9s<.- P' ^ ii*^^^ (A^') any differential 
form such that g'*x — l([p']). Then we have 



(41) 



E(x)(z) =exp 







/ curv(x) ) 




JM' 





Proof. Since ^{z) and C'(z) both represent the homology class of z, we find a geo- 
metric boundary 5j3 (z) £ (X) such that 5j3 (z) = ^'(z) ^ Cl^)- Since 

we find a smooth singular cycle w(z) G Z<.(X; Z) such that 
(42) [fl(z)-fl'(z)-w(z)]5,-[j3(z)]5,. 

Write j3(z) = [A^ X], where is a A:-dimensional oriented compact /?-stratifold with 
boundary dN = M' UM and g = G\m, g' = G\m'- Since H''{N; Z) ^ {0}, we have c{G*x) ^ 
0. By ( [35] ). we find a differential form 77 e Q.''^^{N) such that G*jc = T([t7]). Then we have 



1([P']) - 1([P]) = 8*x-g'*x = G|5^^ = (G*x 



IdN - 



T([rj])| 



aw ■ 



In particular, we have rjlg^^ — {p' - p) gHq \dN). Inserting this into (l40l l and dTTl l. we 
find: 



S(x)(z)-exp 



271;/ 



exp 
exp 
: exp 

exp 



2ni 
2ni 
2ni 



curv(x) 
P'- 



M' 



dN 



drj 



M Ja'{z)-a{z) 

cufv(x) 
cufv(x) ^ 



curv(x) 



curv(x) 



2niy J G*curv(x) 
= exp ^ni J 



curv(x) 



lG4N]s,-[Piz)h 



curv(x) 



= 1. 



This yields dTTT) . 



□ 



Now we complete the proof of uniqueness of differential cohomology up to unique 
natural transformation by establishing existence of a natural transformation. 
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Theorem 5.14 (Uniqueness of differential cohomology 11). The map Z : H* {•;'£) ^ 
H* ( • ; ^) defined in i40i is a natural transfonnation and commutes with curvature, topo- 
logical trivializations and inclusion of flat classes. More explicitly, we have 

(43) SoT=i, 

(44) SoJ^;, 

(45) curv o E = cufv . 

For any smooth map f :Y ^ X, and any x G H^{X), we have: 

(46) rz{x)=z{rx). 

Remark 5.15. It follows from [44 Lemma 1.1], that E also satisfies 

coZ, — c. 

Proof of Theorem |5.14I a) We first show that Z takes values in ^* ( • ; Z). Let X 
be a fixed smooth space and x e //*^(X;Z). By construction, the maps ^ : Zic^i{X;'Z) ^■ 
and a : Z/._i(X;Z) Cjt(X;Z) are group homomorphisms, first defined on 
basis elements and then extended linearly. Similarly, the choice of differential forms 
p G n'^-i(M) for = [M 4 X] is made on a basis of Zi,_i(X;Z). Extending lin- 

defines a group homomorphism 



iTti 



(/mP+X,(z)'^ui'v(x) 



early, the map z M> exp 

E(x):Z,_i(X;Z)^U(l). 

It remains to show that Z{x) satisfies condition (l24l) for the homomorphism z ^ 
Z{x){z) to be a differential character The argument is almost the same as in the proof 
of Lemma [5.131 Let z = dc for some c G Q (X;Z). By Lemma l4~2l the homomor- 
phism C ■Ck{X;Z) ->%{X;'Z) satisfies C(<5c) = <9C(c)- We write C(c) = [A^ 4 X], where 
M = dN and^ = /|M. 

If were an oriented smooth manifold with boundary, we would have H^{N;'Z) = 
{0}. By the following argument (suggested to us by M. Kreck), we may also choose 
the stratifold such that its top dimensional cohomology vanishes: Replacing the top 
dimensional strata of and M by the connected sum of their components if necessary, 
we may assume the top dimensional strata of A^ and M to be connected. This yields 
H''{N,M;Z) = //*^^'(M;Z) = Z, the first isomorphism being the boundary map. Now 
the long exact sequence of the pair {N,M) yields H'^{N;Z) — {0}. 

Since //^■(A^;Z) = {0}, we have /*x =T([t7]) for some rj G n*^^'(A^). SinceTis natural 
with respect to smooth maps, we have: 

i{[p])=8*x = (fx) \dN = ii[ri])\dN ^liirildN]) ■ 
In paiticulai", p — ?] |m G i^o^ (M). This yields: 

exp^lnij p^—e\p^7iij r]^—e\p^27:ij drj^ = exp ^2ni J curv(/*x)^ . 
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Inserting this into (|40] |. we obtain: 



Z{x){dc)~exp Inil / p 



aide) 



curv(x) 



= exp 



2m 



■ exp 



exp 



curv(/*x) + 
curv{x) 

Inil / cufv(x) + / 
^Jc Jd. 



a(dc) 



curv(x) 



2ni 



aide) 



curv(jic) 



da{c+y{c)) 



curv(x) 



: exp {ini / curv(x)^ 



=0 



Thus E(x) is a differential character in H'^{X;'Z) with curv(E(x)) — curv(x). 

b) For any smooth space X, the map S : H*{X;Z) H*{X;Z) defined by gil is 
additive. Thus S : H*{X;Z) — > H*{X;'L) is a degree homomorphism of graded groups. 

c) We show that E is natural with respect to smooth maps. Let / : 7 — > X be a smooth 
map. LetJcG#(X) and z e Za._i(F;Z). We need to show that S(/*x)(z) = /*(S(x))(z). 
Choose C(z) e iT^-ilF) andfl(z) G such that [z-da{z)]ds, = [C(z)W- 



Write = [M ^ y]. Setting ■= f*Ciz) = [M 

we obtain 



■ X] and /*fl(z) 



Now choose p e £2*^"^(M) such that {f og)*x — g*{f*x) =T([p]). By Remark 
Lemma l5.13l we find: 



and 



r(E(x))(z):=E(x)(/,z) 



: exp 



: exp 



271:; 



M 



curv(x) 



M 



curv(/*jic) 



d) We show that E commutes with inclusions of flat classes. Let u G H'' '(X;U(1)) 
and z G Z^^i (X; Z). We choose C (z) = [M 4 X] and a{z) G Z) as above. Note that 
c{g*j{u)) — for dimensional reasons. Thus g*u is the reduction mod Z of a class in 
//*-i(M;M). Let p G ^'■■"'(M) such that g*(j{u)) =T([p]). Since the upper left quadrant 
of diagram (l35T l commutes, the reduction mod Z of [p]dR G //*^^'(M;]R) coincides with 
g*u. Moreover, the diagram (|35t yields cufv(j(M)) = 0. Thus we have: 



=exp 



2%i 



M 



curv(;(M)) 



= exp(27ri / [p]dR) 
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e) We show that E commutes with topological trivializations. Let p E O!^ ' {X). Then 
we have: 

S(r([p]))(z) = exp hnil [ g*p+ [ 6^v(r{[p]))) 

L ^Jm Ja(z) ' 



exp 



exp 



Ini 



dp 



a{z. 



exp 



(ini j p) 



i(p)«- 



□ 



CHAPTER 6 



The ring structure 

In this section we discuss the ring structure on differential cohomology. Existence 
of a natural ring structure on H*{X;Z) compatible with curvature, characteristic class and 
topological trivializations was established in [17] Thm. 1.1 1] by an explicit formula using 
barycentric subdivision of singular chains and the chain homotopy from the subdivision to 
the identity. Simple formulas for the product are obtained for differential characters rep- 
resented by differential forms with singularities as in lll6l or by de Rham-Federer currents 
as in |31, Sec. 3]. 

An axiomatic definition of a ring structure on differential cohomology was established 
in ll44l . together with a proof that the ring structure is uniquely determined by these axioms 
(see (44' Thm. 1.2]). We use an axiomatic definition of the ring structure similar to the one 
in LMJ. The sign convention for topological trivializations differs from the one in [44l 
p. 51] but coincides with the one in lUTl Def. 1.2]. We give a corresponding axiomatic 
definition of an external or cross product and prove that this product is uniqely determined 
by the axioms. Uniquess of the external product has also been discussed in [37. Ch. 6]. 
Our proof has the advantage of giving an explicit geometric formula for the product. 

Definition 6. 1 . An internal product of differential characters yields for any smooth 
space X and any {k,l) G Z x Z a map 

(47) * :H'^(X;Z) x//'(X;Z) ^//'^+'(X;Z), {hj)^h*f, 

such that the following holds: 

1. Ring structure. The product * is associative and Z-bilinear, i.e. (//*(X;Z),+,*) is a 
ring. 

2. Graded commutativity. The product * is graded commutative, i.e. for h G //^ (X;Z) and 
/ eH'{X;Z), we have / * /i = (- 1 fh * /. 

3. Naturality. For any smooth map g :Y ^ X and /z,/ G H*{X;Z), we have g*{h * f) — 
g*h*g*f. 

4. Compatibility with curvature. The curvature curv : H*{X;Z) ^ ^o('^) ^ ^^S. homo- 
morphism, i.e. for h, f G H*{X;X), we have curv(/z */) = curv(/!) Acurv(/). 

5. Compatibility with characteristic class. The characteristic class c : H*[X;'Z,) — ^ 
H*{X;Z) is a ring homomorphism, i.e. for h,f G H*{X;Z), we have c{h * f) ~ 
c{h)Uc{f). 

6. Compatibility with topological trivialization. For p G and / G //'(X;Z), we 
have i(p)*f^ i(p Acurv(/)). 

An internal product on differential cohomology induces an external product or differ- 
ential cohomology cross product 

X : h''{X; Z) x h''' {X'; Z) ^ (X; Z) , hxh'-.^pr^h* pr| h' . 

Here prj ,pr2 denotes the projection on the first and second factor of X x X', respectively. 
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We may also define an external product or differential cohomology cross product ax- 
iomatically: 

Definition 6.2. An external product of differential characters yields for any smooth 
spaces X and X' and any {k.k') e Z x Z a map 

(48) x:H''{X;Z)xH'''{X';Z)^H^+^'{XxX';Z), {h,h')^hxh', 
such that the following holds: 

1. Associativity, bilinearity. The product x is associative and Z-bilinear. 

2. Graded commutativity. The product x is graded conmiutative, i.e. for h £ H^{X;'L) 
and h' G H'^ {X'; Z), we have: 

(49) h' xh = {-\f^hxh' . 

3. Naturality. For any smooth maps ^ : 7 ->-X andg' : 7' — >^X' and for ft G //*(X;Z) and 
h' (^H*{X';Z), we have: 

(50) {gxg'nhxh')=g*hxg'*h'. 

4. Compatibility with curvature. The curvature curv : H*{X;Z) i^oiX) commutes with 
external products, i.e. for hGH* {X; Z) and h' G H* {X'; Z), we have: 

(51) curv(/j X h') = curv(ft) x curv(ft') . 

5. Compatibility with characteristic class. The characteristic class 
c : H*{X;Z) H*{X;Z) commutes with external products, i.e. for h G H*{X;Z) and 
h' eH*{X';Z), we have: 

(52) c{h X h') = c{h) x c{h') . 

6. Compatibility with topological trivialization. For p G Q.*{X) and h' G H'^{X';Z), we 
have: 

(53) l(p)xft' = i(pxcurv(ft'))- 



An external product yields an internal product by setting h*f:=A^{hxf) for any 
h,f €H* {X; Z). Here Ax :X -^X xX denotes the diagonal map. 

Internal and external products are equivalent in the sense that any one determines the 
other. Starting with an internal product *, the induced external product recovers the original 
internal product: for any h,fG H*{X;Z), we have 

(54) Ai(/z X /) = Ai(prt ft *pr5/) = (pr, oAx)*ft * (prj oAx)7 = h*f. 

Conversely, starting with an external product x , the induced internal product recovers the 
original external product: for heH*{X;Z) and h' G H* {X'; Z), we have 

prj h * pT*2 h' = Axxx' (pri h x pr^ ft') 

= ^xxz'(Pi"i xpr2)*(ftxft') 

= ((pri X prj) oAx^x,)*{h X ft') 

^ V ' 

= ft X ft'. 
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Internal products are useful, since they provide differential cohomology with a ring struc- 
ture. On the other hand, external products are sometimes more useful for explicit calcula- 
tions, as we shall see below. 

In the following, we show that the ring structure on differential cohomology is 
uniquely determined by the axioms in Definition 16.11 By the discussion above, this is 
equivalent to the fact that the induced external product is uniquely determined by the ax- 
ioms in Definition 16. 21 To prove the latter, we start with the following special case: 

Lemma 6.3 (Evaluation on cartesian products). Let M and M' be closed oriented p- 
stratifolds. Suppose dim(M x M') = k + k' — 1. Let x be an external product in the sense 
of Definition \6.2\ Then for differential characters h G //*^(M;Z) and h' G W (M';Z), we 
have: 
(55) 

'/i([M])<'(''')-[^'l> for (dim(M),dim(M')) = {k-l,k') 

{h X h'){[MxM']) = { /,'([M'])(-i)*W'')-M> for (dim(M),dim(M')) - {k,k' - 1) 
1 otherwise 

Proof. If (dim(M),dim(M')) ^ {(fc- l,yt'),(/t,yt'- 1)}, then either dim(M) <k~l 
or dim(M') < /t' - 1. In these cases we have #(M;Z) = {0} or H''\m';Z) = {0}. Since 
X is bilinear, we have hy.h' — Q'm these cases. 

Suppose (dim(M),dim(M')) = {k — l,k'). Then h is topologically trivial for dimen- 
sional reasons. Thus we may choose p G D!^^^{M) such that i(p) = h. By Definition l6.2l 
we then have: 

(hxh'){[MxM']) = (i(p) x/z')([MxM']) 

*i'(l(p xcurv(/z')))([MxM']) 



= exp ilKi I p X curv(/i' 

^ JmxM' 

= exp(27rM p- curv(/i' 
^ ^Jm Jm' 

= exp (271:/ / p 1 
^ Jm 



M JM' 

c(h>),[M']) 



IM 

= K[M])W'''),[M'1)_ 

Similarly, for (dim(M) , dim(M')) = {k, fe' - 1 ), we find p' G Ol^'-^M') such that h' = l{p') 
This yields 

hxh' — hx i(p') 

= (-l)'^*^'l(p')x/2 

= (-l)"'l(p'xcurv(/;)) 

= (-l)*-^-'i((-l)'^('^'-i)cui-v(/;) X p) 

= (-l)^i(curv(/!) xp') 

and hence 

{h X h'){[M X M']) = exp (ini f {-lfcmv{h) x p') = /i'([m'])(-''*<''('')'1^1> . □ 

^ JmxM' ' 
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Now we use this special case to show that the differential cohomology cross product 
is uniquely determined by the axioms in Definition 16.21 The main idea of the proof is to 
use a splitting of the Kiinneth sequence 

0^ [//*(X;Z)®//*(X';Z)]^ A//„(XxX';Z) ^Tor(//*(X;Z),//4X';Z))„_i -^0 

on the level of cycles. We use the well-known Alexander- Whitney and Eilenberg-Zilber 

m 

maps C* {X X X ; Z) -. — ^ C* (X; Z) (g) C* (X ; Z) . These are chain homotopy in- 

EZ 

verses of each other with AW oEZ — idQ(x;Z)cx)C»(x';Z) ™d fiZoAW chain homotopic to 



the identity on C* (X x X'; Z), see 1391 p. 167] . Let / : Z, (X; Z) C, (Z; Z) be the inclusion 
and let s : C*(X;Z) — > Z^{X;Z) be a splitting as in Remark |4~n Similarly, we have the in- 
clusion /' and a splitting s' onX'. Set S := {s^s') oAW andK :~ EZo (/ (g)/'). Denoting by 
Z(C* (X; Z) (g) C* {X'; Z)) the cycles of the tensor product complex, we obtain the following 
splitting of the Kiinneth sequence on the level of cycles: 



■Z^{X-Z)(g)Z^{X' 



Z(C,(X;Z)g)C*(X';Z)) 




In particular, we have SoK — {sC$is')o AW o EZ o ( / (g /' ) idz,^ (x -z) m, (x' ;Z) ■ 

Using this splitting, we proceed by carefully choosing the homomorphism 
11,^^^' : Z^{X X X'\T) X.{X X X'): We first construct the homomorphism 
: Z*(X;Z) ^^{X) as in Lemma 1421 and similarly for X' . We compose ® C^' 
with the cross product 

X : ® X{X') -^X{Xx X'), [M^X](g) [M' ^ X'] [M x M' X x X'], 

and obtain a homomorphism Z* (X; Z) ® Z* (X'; Z) — > i?^ (X x X'). Using the splitting we 
extend this map to a homomorphism l^^^^ : Z* (X x X'; Z) — > (-^ x X') . We thus obtain 
the commutative diagram: 



(56) 



X,{x)®X{x') 



X{XxX') 



Z*(X;Z)®Z*(X';Z) -Z*(XxX';Z) 

Now let /! e H''{X;Z) and e H'^{X';Z) and z £ Zi+fc/_i(X x X';Z). We write z = 
K o S{z) + {z — Ko S{z))- The Kiinneth sequence implies that {z — K o S{z)) represents a 
torsion class. Hence {h x h'){z — KoS{z)) may be computed as in Remark lsT^l We compute 
(/i X h'){K o S{z)) as described in Remark l531 using geometric chains: 

The splitting S decomposes a cycle z e Z* (X x X'; Z) into a sum of tensor products of 
cycles with degrees adding up to A: + fe' — L We write 



(57) 



siKosiz))=siz)= L^r^yT. 

i+j=k+k'-l in 
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where e Z,(X; Z) and y"" G Zj{X'\ Z). For the geometric cycles, we obtain correspond- 
ingly 

i+;=/t+/t'-l m 

Now we are able to compute [h x h'){K o S{z)) ■ 

Theorem 6.4 (Uniqueness of cross product). The differential cohomology cross 
product is uniquely determined by the axioms in Definition \6.2\ 

Explicitly, for h G H^{X;'L) and h' G H'' {X';1i), the evaluation of hx h' on a cycle 
Z G Z^_|_^/_j(X X X';Z) can be computed as follows: Decompose S{z) as in ( |57t . Choose 
N and X G Cii^i^i{X;'Z) as in Remark \5.4\ such that N ■ {z~ Ko S{z)) = dx. Then we 
have: 



(58) •exp27i;/- 



curv(/! xh') + — ( [ curv(/i x h') — (c{h x h'),x)\ 

la{KoS{z)) N\J^ ) 

Proof. As above, we write z — KoS{z) + {z- K oS{z))- We evaluate {h x h') on the 
two summands separately. 

a) By Remark 15741 we have: 

{h X h'){l -KoSiz))^exp — ( f cmv{h x h') - {c{h x h'),x)\ 

N \ j ^ 

'^^^^i^exp ( I curv(/!) x curv(/i') — (c(/i) x c{h'),x) 

which yields the last contribution to (ISST l. This shows in particular, that the value of hx h' 
on torsion cycles is uniquely determined by compatibility with curvature and characteristic 
class in Definition 16. 21 

b) We represent the cycle K o S{z) by the geometric cycle C,^''-^ {KoS{z)) and a 
coboundary da{K o S{z)) as in Lemma |431 We compute {h x h'){K o S{z)) as in Re- 
mark l53] 

[h X h'){KoS{z))^{h X o5(z))]a, ) .exp(2;r/ / curv(/2 x h'] 

^ ^ Ja(KoS(z)) 

= n Y\ih^h'){\i;\yf)xi;^\y"';)]s,^J 

i+j=k+k'-\ m 

(59) -sxpllni curvQixh' 

^ Ja{KoS{z)) 
s'" a"" 

Now we write ^^(y™) = [Mf' ^X] and C^' {y'"-) = [M'J^X]. This yields: 

{h X h%c'iyT) X C''iy"])hs,J = {gTxg'jTih x h')([M'r xm";]) 

(60) ^{{gTTh X {g";rh'){[M'r x m'J]). 

By construction of l^^ and , we have dim(M™) — i and dim(M"") = j. Using 
Lemma |631 we find: 

{i8Trhxi8"jrh'){[MrxM"j]) 
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' (g™_J*/;([Mf_i])«i'T')*^-(/''),[M7'l> for i = k-h J = k' 

= < i8'e-irh'{[M'l]_i]Y-'^'((sTr<''^-^K]) for i^kj^k'-l 
1 otherwise 

K[CHyT-i)hs,)^'^'''^''"^'^ for i = k-i, j = k' 

(61) = <! lA[^''\y7'-i)]dsJ-'^''^''^''^''^'> for i = kj = k'-l 

1 otherwise 

Inserting (|60] | and (1611 1 into ( |59] l we obtain: 



■ exp |^2;r/ 



curv(/z X /i'' 

«(/:oS(z)) 



which yields the remaining terms in (ISST l. In particular, the evaluation of h x h' onKo S{z) 
is uniquely determined by the axioms in Definition 16 .2 1 (throu gh Lemma l63] ). □ 

Corollary 6.5 (Uniqueness of ring structure). The ring structure on differential 
cohomology is uniquely determined by the axioms in Definition \6.1\ 



Remark 6.6. We have shown uniqueness of the ring structure. We could take 
as definition of a differential cohomology cross product to prove existence of the cross 
product and ring structure on differential cohomology. This would require to verify the 
axioms in Definition l6.2l Since this amounts to no more than tedious computation, we take 
existence of the ring structure and cross product for granted (see iflTl p. 55f]). 

Example 6.7. Let /ii,/i2 G ^'(X;Z) = C"(X;U(1)). As in Example ESI we denote 
the corresponding smooth functions hyhi,h2. Now /zi * /z2 € Hence, given two 

smooth functions hj . X — > U(l), we obtain a U(l)-bundle with connection overX (up to 
isomorphism). We now describe this bundle in classical geometric terms. 

Let / G //'(U(1);Z) be the differential character that corresponds to the smooth func- 
tion i = idu(i) : U(l) — J> U(l). Then we have hj = idu(i) ohj and thus hj = h*i. We put 
h = {hiM) -.X^ U(l) xU(l) =: T^. Let A : U(l) -^T^,t^ {t,t), the diagonal map. 
This yields 

hi */i2 — A* (hi X /i2) 
= A*(hlixh*2i) 

^ A*(j2ixh2y{ixi) 

= {{hi X h2)oA)*{i X i) 
= h*{i X i). 

The bundle corresponding to hi* h2 is thus given by pull-back along hofa universal bundle 
with connection (P, V) on which represents ix i £ H^{T^;'L). 

The bundle (P, V) was described in algebraic geometric terms in ||4] Sec. 1] where 
it leads to the regulator map in algebraic /T-theory. The total space is identified with the 
Heisenberg manifold //(M)///(Z). In 19) p. 60] it is called the Poincare bundle. We now 
determine this bundle. 
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The curvature curv(/) is a volume form on U(l) with total volume 1. Thus by ( BTT l. 
the curvature curv(/ x /) is a volume form on with total volume 1. Since //^(r^;Z) 
has no torsion, the characteristic class c{i x /) can be identified with the de Rham class of 
curv(i X i). This class determines the U(l)-bundle P ^ topologically. It remains to 
determine the connection V. 

Let ©1 , ©2 : ^> R denote the projection on the first and second factor, respectively. 
Let /? : — > /I? = T^, v (vi, V2) ^ (exp(2;r/vi),exp(2;r;v2)), denote the projection. 
Let V be any connection on P with curvature 2^curv(V) = curv(/ x /). Fix a trivialization 
T : p*P R2 X U(l). As in ExampleE?] we denote by ^{p*V J) e Q}{M?) the 1-form 
that corresponds to the connection p*V . The trivialization can be chosen such that 

i»{p*V, T) - (©1/2 - wi)d@2 - (©2/2 - W2)d@x Ah. 

for some w = {w\ , W2) G M^. Two forms A„ and A„i describe the same connection V on f 
if and only if w — w' G 1?. 

The parameter w, and hence the connection V, can be determined by the holonomy 
along two particular curves in T^. Consider the curves 71 : [0, 1] — s> T^, t ^ (exp(27r/f), 1), 
and j2:[Q,\]^T^,t^ (l,exp(27rif ))■ Set Tj : [0, 1] ^ M^, t ^ (f,0), andr2 : [0, 1] ^ R^, 
t n> (0,f), so that Y j lifts jj. Then we have: 

Hol^(7i)=exp(27r/^ A.,) 

= e\p(27:ij (-0/2 + w2)t/©i) 
= exp (27tiw2^ 

and similarly 

Hol^(72) =exp^ — 27r/wiy 

To determine the connection, we evaluate / x / on the cycles 71 and 72. Denote the funda- 
mental cycle [0, 1] ^> U(l ), f t-^ exp(2;r/r), of U(l ) by y. Then the decomposition (ISTT i of 
7i is given by 

71 = 3; x 1 ^K{y(E)l). 

We apply Theorem 16.41 with z = Ji ^nd observe that we can choose x = because ji = 
K{S{y\)). Since [C^^^\y)]dS2 = [Yi]dS2 may choose 0(71) = 0. Now jSSl l says 

/x/(7i)=/(l)-' = L 

Similarly, we get ; x ((72) — I. Hence our connection V is given by Aq = @i/2d@2 ^ 
@2/2d@i. 

Remark 6.8. KUnneth sequence. The exactness of the Kiinneth sequence for singular 
cohomology 

0^ [//*(X;Z)®//*(X';Z)]^ A//"(XxX';Z) ->Tor(//*(X;Z),//*(X';Z))„+i ^0 

implies that the cohomology cross product is injective. The Kiinneth sequence is usually 
constructed in two steps: the first one is purely algebraic and relates the homology of 
tensor products of chain complexes with the tensor product of the homologies; the second 
one identifies the singular homology of the cartesian product of spaces with the homology 
of the tensor product of the singular chain complexes. 
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The question arises whether there is a Kiinneth sequence for differential cohomology. 
As to the above mentioned first step, the differential cohomology groups of a space X 
can be constructed as the homology groups of a chain complex using a modification of the 
Hopkins-Singer complex, as described in |7 p. 271]. This way one obtains the homological 
algebraic Kiinneth sequence for that complex. The middle term of that sequence is the 
homology of the tensor product complex. The relation of this tensor product homology to 
the differential cohomology of the cartesian product seems to be unknown. 

The following example illustrates that the differential cohomology cross product is in 
general not injective: 

Example 6.9. LetX,X' be closed manifolds of dimensions ^— 1 and k', respectively. 
Let p £ Q.''^^ (X) and p £ Q.^ {X') be volume forms for some Riemannian metrics on X 
and X' with total volume 1. In particular, p and p' are closed with integral periods, and 
jP does not have integral periods. Choose a differential character h' G H'^ {X';Z) with 

curv(/i') = 2p'. Set h :^ i{^-p)^Oe H^X). Then we have /i x /z' I* i(i • p x 2p') ^ 
i{p x p')- This vanishes since Jx^x' P x p' = 1 and P ^ p' thus has integral periods. 



CHAPTER 7 



Fiber integration 



In this section we construct the fiber integration map for differential characters. Fiber 
integration has been described in some of the various models for differential cohomol- 
ogy. The construction of Hopkins and Singer in |33| is based on their own model and 
uses embeddings into high-dimensional Euclidean spaces. In (2ff\ and f37l Dupont and 
Ljungmann give a geometric construction of fiber integration for smooth Deligne cohomol- 
ogy where the combinatorial complications are taken care of by the calculus of simplicial 
forms. Uniqueness of fiber integration is discussed in (df Ch. 6]. A model for differ- 
ential characters involving stratifolds is described in [10| where fiber integration is also 
discussed. The fiber integration or Gysin map for de Rham-Federer currents is described 
in im Sec. 10]. 

We use the original definition of differential characters due to Cheeger and Simons. 
Our construction of the fiber integration map works for fiber bundles (with compact ori- 
ented fibers) on all smooth spaces in the sense of Section |2] The approaches in |10| and 
||20,, 37] seem to be limited to fiber bundles over finite dimensional bases. However, allow- 
ing infinite-dimensional manifolds is important. For example, the transgression map from 
equivalence classes of gerbes on X to equivalence classes of line bundles with connection 
on the free loop space -Sf (X) is constructed using fiber integration in the trivial bundle 
5' X ^{X) -> ^{X), compare Section|9] 

We show that fiber integration (for fiber bundles whose fibers are closed oriented man- 
ifolds) is uniquely determined by certain naturality conditions. This yields an explicit for- 
mula for the fiber integration map which we then use for its definition. We show that this 
yields a well-defined fiber integration map that has the required properties. Finally, we 
discuss fiber integration in the case where the fiber has a boundary. 

Similar approaches to our construction of the fiber integration map have been sketched 
briefly in |i23j Prop. 2.1], in HH Sec. 3.6] and in g Thm. 3.135]. 



1. Fiber integration for closed fibers 

n 

Definition 7.1. Let F ^ E ^ X he a fiber bundle over a smooth space X whose 
fibers are closed (i.e., finite-dimensional, compact and boundaryless) oriented manifolds. 
Fiber integration for differential characters associates to each such bundle a group homo- 
morphism % : H*{E;Z) //*-'*™^(X;Z) such that the following holds: 

1 . Naturality. For any smooth map g :Y ^ X the fiber integration map commutes with 
the maps in the pull-back diagram 
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This means that for any h e //*(£■; Z), we have 
(62) %{G*h)=g*%{h). 

In other words, the following diagram is commutative for all k\ 



(63) 



H''{E;Z) 



G* 



■H''{g*E;Z) 



H 



k—6imF 



H 



k—dimF 



2. Compatibility with curvature. Let : Q.*{E) Q.*^^"^^ {X) be the usual fiber inte- 
gration of differential forms, see ll27l Ch. VII]. We require that the fiber integration of 
differential characters is compatible with the fiber integration of the curvature form, 
i.e.. 



(64) 



H''{E-Z) 



A— dimF 



(X;Z) 



f 

A— dimF 
■0 



commutes. 

3. Compatibility with topological trivializations of flat characters. We demand that the 
following diagram commutes: 



(65) 



Q.'^\E) 



■H''{E;'L) 



k—\—6imF 



A— dimF 



(X;Z). 



Before we construct fiber integration for differential characters using geometric 
chains, we first show that it is uniquely determined by the above conditions: 

Theorem 7.2 (Uniqueness of fiber integration). Ifflber integration for differential 
characters exists, then it is uniquely determined by the conditions of naturality and com- 
patibility in Definition \7.1\ 

n 

Proof. Let F ^ £ ^ X be a fiber bundle with closed oriented fibers over a smooth 
space X. Let K\ : H''{E;Z) Z) be a fiber integration map as in DefinitionO 

For k < dimF the map jfi is uniquely determined, since in this case i/*^^''™^(X;Z) = 
{0} by ( [30l l. For k = dimF, the compatibility with curvature implies that curv{7:\h) = 
j-pCmv{h) G Q.q{X). For degree 0, the diagram (|29) yields the isomorphisms 



(66) 



H°{X;Z) 

c=id = 

H°iX;Z) 



.£20(X) 



■nom{Ho(X;Z),Z) 



Thus Ttih is uniquely determined by its curvature. 
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Now let k > dimF. Let h G Z) be a differential character on the total E and 

z S Z<._ 1 -dimf a smooth singular cycle in the base X. We show that the value of jfi/z 

on z is uniquely determined by the conditions in Definition 17. II 

As in Lemma l4.2l we choose a geometric cycle ^(z) = [M-^X] G i^-i-dimF(^) anda 
smooth singular chain fl(z) GQ_dimf(^;Z) such that [z- da{z)]ds,_i,^p = [CW],9St_d,mf ■ 
We then have: 



(jf,/t)(z) ® (g*7ri/z)[M] ■ exp (ini / cui-v(7f,/i) 
*7C\h)[M]-e\p(27:i J -j cmw{h)^ 
' (?f.G*/j) [M] • exp f 27ri / / curv(/!) 



(62) 



The differential character G*hEH'^ {8*E', Z) is topologically trivial and flat for dimensional 
reasons (note that dim{g*E) =k—l). Hence G*h = i{x) for some closed differential form 
X G Q!'^^ {g*E). From the commutative diagram (|65] | we then have 



curv{h) 
curv(/i) 



(7ri/i)(z) = (jf,G*/!)[M] -exp (271/ / f curv(/i)' 

^ ia(z) Jf ' 

= (7r!i(x))[M] •exp(27r/ / f ^ 
l'i(-^Z)M-exp(27r/^^^£, 

(67) = exp i^Ki j -j' ■ exp (ini J -j' curv(/i)^ . 

We thus obtained an expression for the value of nih on z, which is uniquely determined by 
the conditions of naturality and compatibility. □ 

We can rewrite formula (l67t more elegantly in terms of the pull-back operation PB, 
from Section|4l As above, let h G H''{E; T) be a differential character on the total space and 
z & Zi^_\_i\^F{X\7L) a smooth singular cycle in the base. As above we get the geometric cy- 
cle = [Mhx]e — dimF(^) Hid the smooth singular chain G Cj^— dimf 
such that {z - <5fl(z)]ast_d,mf = [C(2)]3St-dimf ■ We then have: 



(Tt\h){z^ exp (iTti J -j X^ ■ exp (ini 



curv(/!) 



= exp ( Ini i Xy exp ( 2ni i -f c\xs:v{h) 

^ JfE ' ^ Ja(z)JF 

^lix)i[8*E])-exp(2KiJ^ £cmy{h)) 



= G*h{[g*E]) ■ exp (ini f / cmv{h) 

^ Ja(z) JF 

= h{[g*E ^ EU,) ■ exp (ini [ -f cm-y{h) 

^ Ja(z) JF 

= /i([PB£([M4x])]a5j-exp(27r/ / i cmv{h) 

^ Ja(z)JF 
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:hi[PBE^iz)U,)-exp(2ni [ /curv(/i) 

^ Ja{z) JF 



Hence we obtain the following constructive definition for the fiber integration map on 
differential characters: 

Definition 7.3. Let F ^ £ ^ X be a fiber bundle with closed oriented fibers 
over a smooth space X. For k < dimF, the fiber integration map TTi : i/'^(£';Z) 
//*^^''™^(X;Z) = {0} is trivial. For k — dimF, the fiber integration map tti : 
H<^''^'' {E;Z) ^ H'^{X;Z) = H^{X;Z) is defined as: 

jfi/i := n\c{h) . 

For k > dimF, the fiber integration map n< : H''{E;'L) is defined as: 



(68) {%h){z) :-/z([PB£CW]as,) -exp (ini ( / curv(/z) 

^ Ja{z)JF 

(69) ={G*h){[g*E])-exp(2ni f /curv(/z) 



Using the transfer map A constructed in Remark |43] we obtain the following expres- 
sion for fiber integration: 

Lemma 7.4 (Fiber integration via transfer map). Let k > dimF. Let h G H'^{E;'L) 
and let X '■Ck-\-AimF{^\'^) Ck-i{E;'Z,) as defined in Remark \4.3\ Then we have for any 

(70) {n\h){z)=h{X{z))-exp{2Ki ^curv(/i)^ 

Proof. By ( |68] | and the construction of A, we find: 



{%h){z) :=/!([PB£C(2)]a5j-exp(27r/^^ ^£curv(/z) 
^h{[l{z)]ss,)-c^v(2Ki[ / 

^ Ja(z) JF 

^h{X{z))-exp(27ti 



«(<-) 

cmv{h) 



curv(/!) 

In the last equation we have used thin invariance of differential characters. □ 



Lemma 7.5. The fiber integration n[ as defined in ( I68I 1 is a group homomorphism 
Z) H'^^^^"^^ {X;Z). In particular, for k > dimF the map z H> Tt\h{z) is indeed a 
differential character 

Proof. For k < dimF, we obtain the trivial map H''{E;Z) H'^-''™^(X;Z) ^ 
{0}, which is a group homomorphism. For k = dimF, the fiber integration map 
% = n,oc: ^''™^(F;Z) H^{X;Z) is the composition of the group homomorphisms 
c:H<&^F{E;Z) ^//'1™^(F;Z) and TTi : //'1™^(F;Z) ^ //''(X;Z). 

Now let k > dimF. We show that mh is indeed a differential character The map 
z I— s- n\h{z) is a group homomorphism Zi._i_(iijn/r(X;Z) — U(l) because all ingredients of 
the right hand side of (l68T l are homomorphisms. 

We check that the evaluation of %\h on a boundary is given by the integral of a dif- 
ferential form. Let z = (9c G B|^_\_ii^-aF{X^,Z) be a smooth singular boundary on X. As in 
Lemma l4!2l we choose geometric chains G ^k-dimF-i (X) and ^(c) G '^k-dimF{X), 



1. FIBER INTEGRATION FOR CLOSED FIBERS 



45 



and smooth singular chains a{z) G Ck-dimF{X','Z) and y{c) G Zii_ii^f{X;Z) such that 
^C(c) = Cidc) and [c - a{dc) ^ da{c +y{c))]s,_,^^^^, = [C(c)]s^d,„^. Using (|20j for the 
transfer map A, we obtain: 

{7irh){dc) ^ h{X{dc))-exp (iTti / f curv(/!) 

^ Jo(3( ) Jf 

^h{d?.{c))-exp(27ti f /curv(/!) 

^ Ja(a£) Jf 

= exp(2;r/-( / curv(/i)+ / -r curv(/i) 

^ ^JMc) J aide) J F 



{h) 

IX(c) Ja{dc)JF 

I'exp (271;/ ■( f / cmv{h) + f -f cmv{h) 

^ ^Jc-a{dc)JF Ja[dc)JF 

(71) = exp (ini JJ- cuiv{h 



IcJF 

Thus Ttih is indeed a differential character From (|6Ft it is now clear that /i H> TTi/i is a 
homomorphism//*^(£';Z) -^^'■-'^™^(X;Z). □ 

We show that the definition of 7C\h in ( |68] | is independent of the choices. 

Lemma 7.6. Lef ^ > dimF. Let C,' : Zk-i-dimF{X;Z) ^-i-dimF(^) and 
a' : Zii_l_iii^f(X;Z) ^ Ck-dimFi^j'^) be any maps (not necessarily homomorphisms) 
such that (O in Lemma \4~2\ holds, i.e., 

[z-da'{z)]dS,_,t,r.F = [C'(z)]A:-l-dimf 

is true for all z G Z/,_i_(jimF('^;2)- Then ( I68I 1 remains valid, i.e.. 



{M){z) :=K[PB£C'W]a5j-exp(27r/ / / 



curv(/z) 



holds for all z G Zi^^i^dimF 

{X;Z) andall heH''{E;'Z). 

Proof. Let z G Z<._i_(]im/7(X;Z) be a cycle. Then we find a geometric boundary 

dpiz) G ^i-i-dimF(^) such that C'(z) - C(z) = dpiz). Since 

we find a smooth singular cycle w(z) G Z/^^dimFiX', Z) such that 
(72) [«(z)-fl'(z)-w(z)],,_,^,^, = 

We then have: 

hi[PBEi;'{z)hs,)-hi[PBEaz)hs,r' 
^hi[PBEdl5{z)hs,) 

^h{[dPBEmas,) 

^h{d[PBEmz)h) 



G3 



exp (iTZi / curv(/i) 
exp(2;r/ / -r curv(/i) 



46 



7. FIBER INTEGRATION 



'3'exp (ini / -r curv(/!)') 

^ Ja{z)-a'{z)-w{z)JF ' 



- exp ( 2ni / -f curv(/!) ) • exp I 2ni / -f curv(/!) 

Ja(£)-d(z)JF ' ^ Jw(z)JF 



-I 



= exp{2;r// -f curv(/i)) ■exp(2;r/ / -f curv(/i) 

^ Ja{z)JF ' ^ Ju<(z)JF 



-1 



This proves the lemma. □ 

Theorem 7.7 (Existence of fiber integration). F/foer integration Tt\ as defined in 
satisfies the axioms in Definition \7.1\ 



Proof. For < dimF, the trivial map % : H''{X;Z) ^'^-''™^(X;Z) = {0} obvi- 
ously satisfies the axioms in Definition l7.1l For k = dimF, the fiber integration Ki = Ki oc 
is natural since Tti : H''{E;'Z) Z) is natural with respect to bundle maps and 

c : H''{E;Z) H''{E;Z) is natural with respect to any smooth maps. Compatibility with 
curvature follows from the commutative diagram (1661 . To show compatibility with topo- 
logical trivializations, let h — i(p) for some p ei2''™^-'(£). Then we have c(i(p)) = 0. 
For dimensional reasons, we have j-^p — 0. Thus 7i\l{p) — n\c{l{p)) = = i{jpp). 

Now let k > dimF. Equation dTTI ) yields for the curvature of 7i]h: 

(73) cmv{7t[h) = j- curv(/i) . 

This is compatibility with curvature i 



Now let h = 1(77) for some 77 e £2* '(£). Let z £ Zi._i_(jimF(^;Z)- Using Stokes's 
theorem we find: 



{7i,h){z) = h{X{z))-exp (ini f f curv{h) 

^ Ja(z) Jf 

= exp ( Ini / rj] ■ exp { 2ni / -r curv(/i) 

^ A(z) ^ ^ Ja{z)JF 

'^exp(27r/ / 7 ^) - exp (271/ / -t dr] 



^*-diraf 



« z JF 



iexp(2;r/- ( / f 1 + I f dr] 



z-da(z)JF Ja{z)JF 



■{2.1 jl„) 



exp I 

IzJf 

Hence jfi/i = i(//r T)> as claimed in ( l65T l. 

It remains to prove naturality. Let § ; F — ?► X be a smooth map. We have the pull-back 
diagram 



■X. 
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Let z G Z<._i_(jimF(i';^)- As in Lemma 1431 we choose C,{z) G ^-i-dimf 1^) ^nd a(z) G 
Q-dimf such that [z-da{z)]ds,_^^^^ = [C(z)]5St_d„,^- Hence 

Now let h G H''{E;'Z). By Lemma l776l we may choose Cfe*-^) = 8*C{z) "^l^-^-z) 
g*a{z) to compute g*(7r!/!)(z). This yields: 

n,G*h{z) = G*/i([PB,..£C(z)]3sJ •expf2;ri / / cmw{G*h) 

^ Ja(z)JF 

= /i(G4PB,*£C(z)]asJ -exp (27r/ / / G*curv(/;) 

^ Ja(z) JF 

= M[G,PB,.£C(z)]5sJ -exp (2izi [ g* i curv(/i) 

^ Ja(z) JF 

%([PB£(^,CW)]as,)-exp(27r//' / 
-M[PB£C(§*z)]as,)-exp(27r//" / 

^ Ja(gtz) JF 

= nMg^z) 
= g*{%h){z). 

For the third equality we use compatibility of fiber integration and pull-back of differential 
forms, see (271 Ch. VII, Prop. VIII]. This proves □ 

Corollary 7.8 (Existence and uniqueness of fiber integration). There is a unique 
fiber integration of differential characters satisfying the axioms in Deiinition \7.1\ 



curv(/i) 



Remark 7.9. The proof of Theorem 17 . 7 1 shows more than compatibility with topo- 
logical trivializations of flat characters. Namely, (l65t commutes for all r\ G (£), not 
necessarily closed. In other words, we have shown compatibility with topological trivial- 
izations of characters, not necessarily flat. 

Proposition 7.10 (Compatibility of fiber integration with characteristic class). 
Fiber integration of differential characters is compatible with the characteristic class, i.e., 
the diagram 

(74) H''{E;Z) 

ii ^] 

commutes. 

Proof. For k < dimF, there is nothing to show. For k — dimF, this follows from the 
commutative diagram (l66l l. 

Thus let k > dimF. We compute the characteristic class c{n\h). Let h G 
}iom{Zi^_i{E;Z),'M.) be a real lift of the differential character h G H'^{E;'L) and denote 
by 

;ti'' : c ^ jc\XYv{h) — h[dc) 
the corresponding cocycle representing the characteristic class c{h). 
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Let z G Zi._i_(iim/7(X;Z) be a smooth singular cycle in the base X. As in Lemma l4~2l 
we get the geometric cycle ^(z) e ^-i-dimfC^) and the smooth singular chain a{z) £ 
Q_dimf (^;Z) such that [z-^fl(z)]a5i_di„,f = [^i^)\ds,_i^,r By definition, the (fe- 1)- 
chain X{z) represents the fundamental class of the pull-back PB£^(z), i.e., ['X{z)]dsi, = 
[PB£i^(z)]55'^, where X : Zjt_i_dimF(-'^;^) ^ Zk-i{E;Z) is the transfer map constructed in 
Remark l43] We obtain a real lift TTi/i of the differential character TTi/i by setting 

(75) ^h{z):=h{X{z))+ f i c\xvw{h) . 

Ja{z) Jf 

Hence the characteristic class of the differential character n\h is represented by the cocycle 



c j cmw{7i\h) — n\h{dc) 



curv{h) ~h{X{dc)) ~ / -f curv(/i) 

cJf J aide) J F 

f cmv{h)-h{dX{c)) 

c—a{dc) J F 

cmv{h)-h{dX{c)) 



JX(c) 

(76) =(/'oA)(c). 

By Remark l43] this cocycle represents the cohomology class K\ (c{h)), hence 

c(7r, = a:! (c(/i)). □ 

Proposition 7.11. Fiber integration of differential characters is compatible with the 
inclusion of cohomology classes with coefficients in U(l), i.e., the diagram 

//*^-'(£;U(l)) ^H''{E;Z) 

^/c-i-dimF(j^.U(i)) i ^^*-d™f(X;Z) 

commutes. 

Proof. For k < dimF there is nothing to show since both fiber integration maps are 
trivial for dimensional reasons. Let k = dimF and u G //*™^^' (£';U(1)). Diagram (|29] | 
shows that c{j{u)) is a torsion class. Thus 7i\j{u) = n\c{j{u)) — since H^{X;'L) — 
H^{X\X) is torsion free. On the other hand, we have n^u(^H-\X,\5{\))^{Q}wd hence 
j{mu)^Q. 

Now let A: > dimF and M G U(l)). Dia gram (|29T l shows curv(j(M)) — 0. As 

explained in Remark |431 fiber integration K\ for singular cohomology is induced by pre- 
composition of cocycles with the transfer map A : Q— i_iiimF(-'^;^) — S'Q-K^;^) con- 
structed in Remark 143] Thus for any z G Zi_i_dimf (^;^) we have: 



%i{u){z)^ i{u){X{z))-^^p{2ni / 



curvQXw)) 



=0 



E3 / r n 
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^ {j{K,u)){z). □ 

Proposition 7.12 (Orientation reversal). Let E ^ X be a fiber bundle with closed 
oriented fibers over a smooth space X. Let K : E ^ X denote the bundle with fiber ori- 
entation reversed and n\ the corresponding fiber integration. For every h S H''{E; Z) we 
have 

Tft/z = —Ttth. 

Proof. There is nothing to show in case k < dimF. For k = dimF, we have 

Tfi = Tfi o c = —Til oc = — TTi. 

Now let k > dimF. Let h G H''{E;Z) and z G Z<,_i_dimF(^;Z). Choose e 
^k-i-dimf iX) and a{z) € Q_dimf as in Definition We have PB^{^{z)) = 

PB£(C(z)) and /jr = - /f ■ This yields 

imiz) = /i([PB^CW]asJ -exp (ini [ / curv(/i)) 

^ Ja{z)JF ' 

= h{[PBEC{z)hs,) • exp ( - 2niJ^^ ^ £ cm-y{h)) 
= h{-[PBEC{z)]ds,)-^w{-27Zi£^ J^cmv{h)) 

= {-%h){z). □ 

Example 7.13. We consider the case = 1 and dimF = 0. Then h e H^{E;Z) = 
C°°{E, {]{!)) is a smooth U(l)-valued function on E and tt :£■—!> X is a finite covering. 
We orient the fibers such that each point is positively oriented. It is easy to see that the 
function K,h e = C°°(X,U(1)) is given by 

7t]h{x) = Y[ K^)- 



Example 7. 14. Again consider a finite covering tz:E^X, i.e., dimF = 0, but now 
k~2. Let F £ be a U(l)-bundle with connection whose isomorphism class corresponds 
to a differential character h £ H^{X;Z). Here it is convenient to take for P the Hermitian 
line bundle rather than the U(l)-principal bundle. Then TZih is given by the bundle whose 
fibers over jc e X is 

{n^P),= Pe. 

This bundle inherits a natural tensor product connection from P. 

Example 7.15. Now let tt : £ ^> X be a circle bundle with oriented fibers, hence 
dimF — 1. The fiber integration map TTi : H^{E;Z) //' {X;Z) can be described as fol- 
lows: Let P — > F be a U(l)-bundle with connection. For any x E X the holonomy of P 
along the oriented fiber E^ yields an element in U(l). In this way, we obtain a smooth 
function X U(l). 

We show that fiber integration is functorial with respect to composition of fiber bundle 
projections, compare [,10. p. 12]. 
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Proposition 7.16 (Functoriality of fiber integration). Let k:N and 7t:E^X 
be fiber bundles with compact oriented fibers L and F, respectively. Let % o k : N ^ X be 
the composite fiber bundle with the composite orientation. Then we have 

(77) {tTok), ^KioKi. 



Proof. Denote the fibers of n o k by Q. The bundle projection k restricts to a fiber 
bundle k\q: F with fibers L. 

For k < dimF + dimL, we have (;ro K-), = 0. Now let h e H''{N;Z). Then we have 
K,hGH''-'^^^{E;Z) and /t- dimL < dimF. Thus n,{K,h)=0. 
For k = dimF + dimL, we have: 

/ \ / \ {74) - - - 

[71 o K) ,~ [71 o K)] o c — 7t\ o K\ o c — 71 o c o Ki = 7Zi o K\. 

In the second equality we have used the functoriality of fiber integration for singular coho- 
mology, see |5, p. 484]. 

Now let k > dimF + dimL. Let h e H''{N;'L) and z £ Z^-dim(f )-dim(L)-i (^;^)- 

Choose C(z) = [M 4x] G ^i:_dim(F)-dim(L)-i(^) and G Q_dim(f)-dim(L)(^;Z) as 
in Lemma l4~2l Then we have the pull-back bundles 



G*N- 



g*E- 



M- 



■N 



■X 



which define the geometric cycles PB;i(C(z)) = [g*E ^ E] and PB^(PB;i(C(z))) = 

PB;ro^(C(z)) = [G*N ^N]. We pull back/i to the stratifold G*N, where it is topologically 
trivial for dimensional reasons. Thus we find a differential form x G Q.''^^ {G*N) such that 
G*h — l{x)- By the compatibiHty conditions ( |62| | and ( |65] |, we have Ki{G*h) = G*{K\h) = 
lifa)- In particular, {G*h){[G*N]) = iix)i[G*N]) - i(/^;t)([g*L]) = {K,{G*hMg*E]). 
This yields: 



{7f^,h){z)^{G*h){[G*N]) -exp (ini f / cmv{h) 

^ Ja{z) JQ 

= (G*()fi/!))([§*L]) -exp (iKi f / curv(&/i) 

^ Jaiz) JF 



{M^^h)){z). 



2. Fiber integration for fibers with boundary 



□ 



Let {F, dF) ^ {E,dE) > X be a fiber bundle bundle whose fibers are compact 

oriented manifolds with boundary. For any differential form co (lQ.*{E) on the total space 
E we have the fiberwise Stokes theorem li27i p. 311]: 



(78) 



dm^df «+ (-1) 



2 ^degfiJ+dimc^F L 
Jd 



(0. 



dF 
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In particular, if O G D.^{E) is a closed form, then co G il^ '""^^(X) is exact. Thus fiber 
integration of differential forms in the bundle Tt'^^ : dE — > X induces the trivial map on de 
Rham cohomology. The same holds true for fiber integration on singular cohomology. 
Denote by nf'^ : H''{dE; Z) ^ Z) the fiber integration map for the bundle 

dF ^ dE > X as constructed in the previous section. In the following, we do not 

distinguish in notation between a differential character h G H'^{E;Z) and its pull-back to 
dE. Applying the fiber integration map nf^ to h G H'^{E;'L) yields the following (compare 
also l|33i p. 363] and |23, p. 305]): 

Proposition 7.17 (Fiber integration for fibers that bound). Let {F,dF) ^ 

{E,dE) > X be a fiber bundle with compact oriented fibers with boundary over 

X and let h G H''{E;1) be a differential character Then nf^h G H'^"'^™'^^(X;Z) is topo- 
logically trivial. A topological trivialization is given by: 



(79) Tirh = I (^(-i)'^-"™/' curv(/;) 

In particular, for k ~ dim dF, we have nf^h = G //" (X; Z). 



Proof. As explained in Remark |431 we construct transfer maps and A"^^ for the 
bundles :E ^X and n'^^ : dE X, respectively. By (|9|l, we have 



PB5£(C(Z)) = 



^(PBfiCW) forzGZ„(X;Z), neven. 



<9(PB£CW) forzGZ„(X;Z), «odd. 

Thus we can arrange the choices in the construction of the transfer maps and A"^^ in 
such a way that we have: 

(80) X^^ = {-!)" -doX" ■.Z„{X-Z)^ B„+i^F {E;Z). 

Now we prove the claim: 

For k < dimdF, there is nothing to show. Let k — dim^F and h G //''™'^^(£';Z). Let 
hhs a real lift of h and jj.'^ G C''™^(£';Z) the corresponding cocycle representing c{h). 
Since Zo(X;Z) = Co(^;Z), we may use dSOl l and (l22l i to conclude: 

n'^h = n^'cih) 1 [m'' o X'^] 1 [m'' odoX^] = [0]. 

Now let k > dimdF. Let h G H''{E-Z) and z G Zi,_i_ii^gF{X-Z). Choose £ 

'^k-i-dirndfiX) andfl(z) GQ_dimaF(^;Z) such that [z~ da{z)]ss,_^,,^3,, = W]'?5,_<i,„af ■ 
Then we compute: 



7tf^h{z)^h{X^''{z))-exp(27Zi f / curv(/z)) 

^ Ja{z) JdF ' 

h{[-\f^^^^dX^{z))-&'Kp{l%i f d-f 

^ Ja{z) Jf 



curv(/i) 



exp 
ED 

= exp 

m 



2m{~\f-^"^^{[ cmw{h)+ f /curv(/i 

^Jf.'^iz) Jda{z)JF 

2;r/(-l)^-'^™^f / icmv{h)+j /curv(/i)) 



exp (iKi jyif-'^''^'' j cmv{h] 
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i((-l/-*"^/cui-v(/i))(z) 



□ 

Remark 7.18. Proposition 17 . 1 71 says that nf^{h) is topologically trivial. However, 
Tif^{h) is in general not flat, since 

curv(7r,^^/i) = / curv(/z) ^ {-lf-^''"''d / curv(/i) , 

JdF JF 

is an exact form, but need not be 0. 

As a special case of fiber integration for fibers with boundary, we obtain the well- 
known homotopy formula: 

Example 7.19. Differential cohomology is not a generalized cohomology theory, in 
particular, it is not homotopy invariant. Let / :[0,l]xX— >ybea homotopy between 
smooth maps /o,/i : X ^ y and /! e H''{Y;'L) a differential chai-acter Then we have the 
well-known homotopy formula |9 Prop. 3.28]: 

-I 



flh-f^h = i 



f:CUTw{h)ds) 



This is a special case of ( l79b for the trivial bundle X ^ X: for the left hand side we 

\k-\ fl 



have /[*/! — f^h — nf^f*h. By the orientation conventions, we obtain for the right hand 



side jpf*c\XYv{h) = {-if-^ ^^f*cmy[h)ds with k=\. 

Example 7.20. Let the fibers of n : E ^Xht diffeomorphic to compact intervals 
and carry an orientation. Hence dimF = 1. The boundary of E decomposes as dE = 
d^E U d^E where d^E consists of the endpoints of the oriented fibers and d^E of the 
initial points. The restriction of n to d^E is a diffeomorphism whose inverse we denote 
by '■= i'^ld+E)^^ ■ ^ ^ d^E, and similarly for . 

We consider the case ^ = 1. Then for any h G H^{E;Z) = C°°(£',U(1)) we have 
TT,"*^/! gC"(X,U(1)) where 

Tif'^h = {hoj+)-{ho 

The exponent —1 in this formula is due to the fact that the points in d^E inherit a negative 
orientation. 

Recall from Example 15.61 that curv(/i) — dh where /i is a local lift of h. Integration 
along the fiber Ex over x dX yields p(x) = h{j^{x)) — h{j^{x)). The ambiguity in the 
choice of h cancels and we obtain a global smooth function p : X — ^ M. Obviously, p is a 
lift of nf'^h. 

Example 7.21. Let ;r : £ ^> X be as in Example 17.201 Now we consider the case 
k ~2. Let P ^> £■ be a U(l)-bundle with connection V corresponding to h G H^{X;Z). 
Fiber integration along dF yields the U(l)-bundle with connection over X whose fiber 
over X is 

Fiber integration of curv (h) yields the 1 -form p on X. Integrating p along a closed curve c 
in X yields 

sxp (inij^p^ =exp(2nij ^^^cmv{h)J = h{j^ c - jt c) ^ K^h{cY^ . 

As explained in Example lS^ the 1-form p corresponds to the parallel transport in (P, V) — > 
E along F. 
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3. Fiber products and the up-down formula 

In this section we prove that the fiber integration in a fiber product is the external 
product of the fiber integrations. The up-down formula is an immediate consequence. 

Let £■ — > X and E' X' be fiber bundles over smooth spaces X and X' with compact 

oriented fibers F and F', respectively. We consider the fiber product E x E' > X xX' 

as the composition of fiber bundles E xE' > E xX' ^ ^"^> X x X' . Fiber integration 

on singular cohomology commutes up to sign with the external product. Explicitly, for 
singular cohomology classes u G H''{E; Z) and u' G H'^ (£'; Z), we have: 

Trf ^'^'(m X u') ^ {k'^ X id),((id x7i;^')!(m x u')) 

= {n^ X iA)\{u X Ttf'u') 

(81) = (-l)('-'-d™F')dimf ;i:fM X Tlf'u'. 

This follows from lITSl p. 585] and the functoriality of fiber integration for singular coho- 
mology, proved in fF, p. 484]. 

Similarly, for differential forms o G Q.''{E) and co' G (£'), we have: 

(82) t(Jxt(j' = (-l)(*^'-''™^')''™^(^to) X ©') . 

The analogous result for differential characters is the following: 

Theorem 7.22 (Fiber integration on fiber products). LetE X andE' X' be fiber 
bundles over smooth spaces X and X' with closed oriented fibers F and F', respectively. 
Let h G H''{E;Z) and h' G H'^{E';Z). Then we have: 

(83) Jff ^^'(/! X h') = (_l)('^'-d.mf')dimf . ,^ ^ ^E' j^, _ 

Proof. Conceptually, the proof is just a computation using the explicit formulas we 
derived for fiber integration and external product. The crucial point is the construction 
transfer maps commuting with external products. 

a) We compute the curvature of the differential characters nf^^ {h x h') and {nfh x 
nfh'): 



curv(7rp'^'(/; x h')) ^ / cmw{h x h') 

JfxF' 

curv(/z) X curv(/z' 



FxF' 



m 

m (_i)(i'-d,mF')d.mF . c^,rv(^f /^) X curv(jff' /l') 

(84) ^ (_ j)(*:'-dimF')dimF . curv(7rf /z X Ttf h') . 

Similarly, we find for the characteristic class: 

c(7rf ^^'(/; X h')) I* %f '^'{c{h X h')) 

^%f'^\c{h)xc{h')) 

m (_i)(^'-dimf')dimF.^£(^(^)) ^ Tlf {c{h')) 
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(85) I .c(7rf/2 X jrf 

Thus the differential characters TTp^^ (/z x h') and (TTp/i x nf' h') have the same curva- 
ture and characteristic class. By Remark 15741 this implies that they coincide on cycles 
z e 2j^+k' -AimF/F' -\{^ ^ X' ;%) that represent torsion classes. 

b) Let z G 'Z^k+k' -iimF-^F' -\{^ ^ X';Z) be a cycle. As in Section|6] we choose a split- 
ting S of the cycles in the Kiinneth sequence. Composing the homomorphism C,^ with the 
pull-back operation PB^, we construct a transfer map : Z*_dimf as 
in Remark |431 and similai'ly for X^' . We use the spUtting to extend ® X^' to a transfer 
map 

dimFxf'('^ ^ X';Z) — ?• Z^,[E X £'';Z) such that the following diagram is 
graded commutative: 
(86) 

^ ^Z,(£;Z)(K)Z*(£';Z) ^Z^ExE'-Z) ^ . 



Zt(£;Z) 



Z4g;Z) 
5S«+i(£';Z) 



jrH,(£)®ir,(£') — 

dimF (X)(g).^»_dimF'(^') 



Z,(£x£';Z) 
a5,+l(£x£';Z) 

-if;(£x£') 



5^ 



*— dimf xF' 



(X X X') 



XxX' 



iXxX' 



dimF 



The graded commutativity is caused by the orientation conventions. As in (fT4l) . we have 
PB£x£'(C,- X Cj) = (-1)^-'^™^PB£(C,) X PB£,(Cj) for C, G and Cj G ir,(X'). Con- 

sequently, A^^^'(y; xy^.) = (-l)> ''™^A^(y,) x A^'(y;.)- 

Now write z = KoS{z) + {z — KoS{z))- By the Kiinneth sequence, the cycle z—/ro5'(z) 
represents a torsion class. Thus by part a) the differential characters Trf {h x h') and 
{nfh X nfh') coincide on z — K o S{z)- Hence it suffices to evaluate them on A'o5'(z). By 
(fTOl i. we have: 



FxE' 



{h X h'){KoS{z)) = {hx h'){X'''''''{KoS{z))) 



curv(/i X h') 



(87) • exp (271;/ 

^ Ja{KoS{z))JFxF' 

As in (l57]i, we write = Li+;=i:+i:'-dimFxF'-i LmJ™ '^3''T- ^" proof of The- 



orem [Ml we write C^(>f ) = [Mf ^ X] and {y"J) = [M"J ^ X]. Then we have 

PBEiCHy?)) = [{gf)*E ^ E] and PB^KC^'l/T)) = K^T)*^' ^ ^1- Lemma 
applied to the product stratifolds {gf)*E x {g"J)*E' yields 

(h X h'Kx^-^'iyT X y";)Mh X /.')((-i)^--''™a^(yr) x A^'iy;-)) 
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(88) 



= < 



for (/, j)^{k- dimF -l,k'-dimF') 

for (/, = {k- dimF, k' - dimF' - 1 ) 
1 Otherwise 



Inserting this into (ISTT l we obtain: 

jff (/i X /z') o 5(z)) • exp ( - 2;r/ 

= (/ix/i')(A^^'''(/:o5(z))) 



a(KoS(z)) JFxF 



l{h X h')^ 



i+;=*:+<:'-dimFxf -1 m 



^— dimF— 1 



n 



{nfhxnfh'){KoS{z)) 



exp I — Ini 



curv(7rf /i X Trf '/i') 



Using 



/a(^o5(z)) 

we conclude 

Ttf'^'ih X /l')(^o5(z)) = (_l)(*^'-dimF')dimf . (^fi/^ ^ jrf V) (7^ o 

which completes the proof. 



□ 



Fiber integration for differential forms satisfies the following up-down formula: for 
any T] G D!^[X) and (O e Q.'{E), we have: 



(89) 



7:*ri A(o 



0). 



Likewise, fiber integration on singular cohomology satisfies the corresponding up-down 
formula: for any u e H''{X;Z) and we //'(£■; Z), we have: 

n\{Ti*u U w) — uUit\w. 

For a proof, see fW. p. 585] or fS. p. 483]. 

Now we prove the corresponding up-down formula for fiber integration of differential 
characters. The idea of the proof is due to Chern who proved the up-down formula for 
singular cohomology in iflSl p. 585]. The same idea has been used in |10| along the lines 
of a representation of differential cohomology by cohomology stratifolds. 

Theorem 7.23 (Up-down formula). Let E be a fiber bundle over a smooth space 
X with closed oriented fibers F . Lef /z e //*(X;Z) and f (^H' [E;1,). Thenwe have 

(90) 7f!(7r*/i*/) = /i*(7r,/) Gi/'^+'-''™^(X;Z). 
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Proof. We decompose the fiber product E x E' ^ X x X' as the composite fiber 

bundle ExE ^^^^ XxE X xX . Let Ae : E ^ E x E and Ax : X ~> X xX denote 

the diagonal maps. Then we have the bundle map 

(;ixid£)oA£ 



X 



■XxE 

idx XTT 

■XxX 



The up-down formula now follows from the product formula 
of fiber integration: 

nf{n*h*f) I* nf{Al{n*h x /)) 



and the naturality 



7rf(A|(;rxid£)*(/zx/)) 



in 



AJ«X^(/TX/)) 



There is no sign in the second last equation because the fiber over the first factor is zero- 
dimensional. □ 



CHAPTER 8 



Relative differential characters 



In this chapter, we discuss several aspects of relative differential characters, defined in 
Q. From a geometric point of view, relative differential characters are to be considered 
as topological trivializations or global sections of differential characters. We explain this 
point of view in Section [T] 

From a topological point of view, the group of relative differential characters should 
be considered as a relative version of differential cohomology. However, differential coho- 
mology is not a (generalized) cohomology theory in the sense of Eilenberg and Steenrod. 
In particular, one cannot expect to obtain the usual long exact sequence relating the groups 
of relative and absolute differential characters. In Section |2] we derive an exact sequence 
that relates the groups of relative and absolute differential characters. This sequence char- 
acterizes in particular the existence and uniqueness of global sections. 



1. Definition and examples 

Let k>l and (p : A — > X a smooth map. Relative differential characters in (X, A; Z) 
may be considered as differential characters on X with sections along the map (p. We briefly 
recall the construction of //^(X, A; Z) from [7J. Then we construct an exact sequence which 
characterizes those differential characters in H^{X\'L) which admit sections along the map 
(p, i.e., which are in the image of the natural map //^(X,A;Z) //*(X;Z). 

The mapping cone complex of a smooth map (j? : A — s> X is the complex Cf {X,A;1i) := 
Cjt(X;Z) X Q_i (A;Z) of pairs of smooth singular chains with the differential d(p{s,t) := 
{ds + (pt:t, —dt). The homology Hf {X ,A;1i) of this complex coincides with the homology 
of the mapping cone of <p in the topological sense. For the special case of an embedding 
A CX \l coincides with the relative homology Hk{X,A\ Z). 

Similai-ly, we consider the complex A) ■.~Q!^{X) x£2'^"'(A) of pairs of differen- 

tial forms with the differential d(p[(0, iJ) := {d(0, (p*a) -d§). The homology H^ji_^(X,A) 
of this complex is the relative de Rham cohomology for the map (p, as explained in jfil 
p. 78]. 

We denote by {X ,A;Z) the group of cycles of the mapping cone complex and by 
Bf(X,A;Z) the space of boundaries. The group of relative differential characters is de- 
fined as: 

//^(X,A;Z) := {/£Hom(Zf_,(X,A;Z),U(l)) l/o^^ ei2*^(X,A)} . 

The notation / o (5,p e fi^(X,A) means that there exists a pair of differential forms (ft),!?) £ 
(X,A) such that for every pair of smooth singular chains {x,y) £ Cf{X,A) we have 

(91) f{d^{x,y))=exp[2m-(^J^co + J^^) 
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8. RELATIVE DIFFERENTIAL CHARACTERS 



The form co ~: curv(/) in the definition is called the curvature of the relative differential 
character / and the form & cov(/) is called its covariant derivative. As in the absolute 
case, the curvature is uniquely determined by the differential character For k > 2, this 
is also true for the covariant derivative. For k — I, the function is unique only up to 
addition of a locally constant integer valued function, see Example 1 8. 3 1 

It is shown in |T, p. 273f] that relative differential characters / e H^{X ,A;Z) have 
characteristic classes c{f) G H^{X,A;Z), the ^-th cohomology of the mapping cone com- 
plex. By f7\ Thm. 2.4], the group h!^{X ,A;Z) fits into short exact sequences similar to 
the ones in (|29] i: 

" '-^H^^ix,A;^) ^H'^{X,A;Z) -0, 

^ 4-i(^,A;U(l)) ^ //^(X,A;Z) ^ ^'^fiiX,A) 0. 

Here Q.'^q{X,A) denotes the space of all c/,p-closed pairs (o, d-) G £2^(X,A) with integral 
periods, i.e., J'|.^.^^(a), iJ) G Z for all relative cycles {s,t) gZ^(X,A;Z). 
Furthermore, we have the obvious maps 

(92) H''-\A;Z) ^-^H^{X,A;Z) -^H''{X;Z) 

which map a differential character g G //*^^'(A;Z) to i{g) : {s,t) n> g{t) and a relative 
differential character / G i/^(X,A;Z) to p{f) : z /(z,0). One easily checks that 
curv(i(g)) = 0, cov(i(^)) = — curv(g), and curv(^(/)) ~ curv(/). 

Remark 8.1. Note that p is defined also for k = I. As in the absolute case we set 
H^{X,A;Z) := //^(X,A;Z) and //^(X,A;Z) :== for < 0. Moreover, i : H°{A;Z) 

H^(X,A;Z) is defined to be zero while p : H^{X,A;Z) H'^{X;Z) is defined to coincide 
with the usual map in the long exact sequence 

s-//0(X,A;Z) ^H°{X;Z) ^ ••• 

Definition 8.2. Let ^ : A ^ X be a smooth map of differentiable manifolds. A 
differential character h G H^{X;Z) is said to admit sections along (p if it lies in the image 
of the map p : H^{X ,A;Z) ^ H''{X;Z). 

Let h G im(/5) C H'^{X;Z) be a differential character that admits sections along the 
map (p. Then any relative differential character / G H^{X ,A;Z) with p{f) = h is called 
a section of h along 9. A section / G H^{X,A;Z) of p{f) G H'^{X;Z) along (p is called 
parallel if cov(/) = 0. 

Example 8.3. Let k=l. Since Z^(X,A;Z) = Zo(X;Z), any relative differential 
character of degree 1 corresponds to a function / : X ^> U(l) as in the absolute case. 
Using d9Tl ) with y ~Q one sees that / is smooth and curv(/) = df where / is a local lift of 
/ as in Example |5.6l Equation (|9TT i with x~Q shows that is a lift of f o(p on A. Such a 
Uft is unique only up to addition of a locally constant integer valued function. 

To summarize, //^(X,A;Z) is the subgroup of H^{X;Z) — C°°(X,U(1)) containing 
those functions / which are trivial along (p in the sense that f o(p has a Uft. 
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Example 8.4. Let = 2. Given / G //2(X,A;Z) we have p{f) e H^{X;Z) which by 
Example 1521 corresponds to a U(l)-principal bundle P X with connection V. We pull 
back P and V along (p and we obtain a U(l)-principal bundle (p*P — s> A with connection 
(p*V. 

Relative characters determine sections. Fix xq G A. For any two curves c and c' 
emanating from xq and ending at the same point x G A, we look at the cycle c — c' G 
Zi(A;Z). Using ( |9T| l we compute: 

(P*(/5/)(c-c')-(/5/)((p4c-0) 
= /((p*(c-c'),0) 
= f{d^{Q,c-c')) 



- exp ^Ini 
exp (^271 i J -d^ -exp (in i J 



-1 



We recall from Example l5.7l that for any po G (p*P over xq we have 
Therefore 

^f^{po)-exp{27tiJ^^y^ = ^^f^{po)-exp(27tiJ^^-d 
Hence the expression 

-I 



*^(/?o)-exp(2;r/^tj) 



depends on x but not on the choice of curve connecting xq and x. Fixing xq and po we can 
define a smooth section of (p*P over the connected component containing xq by 

(93) C7(x) := ,^f''{po)-sxp(27:i J^-&y\ 

Choosing xq and po in each connected component of A we obtain a smooth section of (p*P 
over all of A. If cj' is a section obtained by different choices of the xq's and /?o's, then 
a' = G ■ u where M:A-^>U(l)isa locally constant function. 

Isomorphism classes of sections. We further restrict the freedom in the choices of the 
po's. Consider the pull-back diagram 



Equation (|93] l yields for any closed curve c in A starting and ending at xq that 

= ^{po)-f{d^{Q,c)). 

For a closed curve 5 in X (instead of A) starting and ending at (p (xq) we have more generally 

^j{^iPo))=^{po)-ns,o). 
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Now, if XQ and Xq lie in different connected components of A but (p (xq) and (p (xq) lie in the 
same connected component of X, then we demand for any curve s in X starting at (p{xq) 
and ending at (p{x[^) that 

In this way, the choice of Pq is determined by the choice of po. Moreover, this relation does 
not depend on the choice of s. With this additional requirement the freedom to choose the 
po's reduces to one choice for each maximal set of xq's which are mapped to the same 
connected component of X. Hence two sections CT and cr' constructed in this way are 
related hy a' — G ■ {u o (p) where u :X -^U{1) is a locally constant function. 

Said differently, a relative differential character / G H^{X ,A;Z) determines an iso- 
morphism class [P, V,(7] of U(l)-bundles with connection {P,V) and section a along the 
map (p. Here (P, V, a) is identified with (P', V, a') if and only if there is a bundle isomor- 
phism ^ : P ^ P' such that V = ^* V and 4>' o a' = ^ o O o a. In particular, sections of 
the pull-back bundle are identified by bundle isomorphisms of P (and not of the pull-back 
bundle (p*P). 

Sections determine relative characters. Conversely, let P — > X be a U(l)-bundle with 
connection V and a a section of (p*P over A. For any relative cycle of the form {s,x — x') 
we define f{s^x~x') by 

^] {^{o[x))) = ^{o{x')) ■ f{s,x-x'). 

Since Zf{X,A;'L) is generated by cycles of this form, the differential character / is 
uniquely determined. The definition of / is invariant under bundle isomorphisms as defined 
above. 

Curvature and connection form. To summarize, we have a 1-1 correspondence be- 
tween relative differential characters / G //^(X,A;Z) and isomorphism classes [P, V,(7] 
of U(l)-bundles with connection and section along <p. Under this correspondence, 
— 2;rj • curv(/) is the curvature form of (P, V) and — 27r/ •cov(/) is the connection 1-form 
of with respect to a. 

Remark 8.5 (Relative differential cohomology). The group //*(X,A;Z) of relative 
differential characters may be considered as a relative differential cohomology group. 
There have appeared different versions of relative differential cohomology in the litera- 
ture: In 1 28 1, de Rham-Federer currents on manifolds X with boundary are used to describe 
differential cohomology relative to A = dX. In [47], relative differential cohomology is de- 
fined for the case of a submanifold A C X. In both these models, the curvature of a relative 
cohomology class vanishes upon restriction to the subset A. 

However, the covariant derivatives of relative differential characters need not be 
closed. In this sense, the relative differential cohomology group defined by relative differ- 
ential characters is more general (or is a larger group) than the ones the relative differential 
cohomology groups described in l,28J and I47J . 

2. Existence of sections 

Since differential cohomology is not a (generalized) cohomology theory, the question 
arises whether there are long exact sequences that relate the absolute and relative differ- 
ential cohomology groups. Here we fit the maps from (|92t into an exact sequence that 
characterizes those differential characters in //*^(X;Z) that admit sections along ^. 
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Theorem 8.6 (Exact sequence). Let (p :A—^Xbe a smooth map. Then the following 
sequences are exact: 
(94) 

ifk > 2 and 

(95) H^{X,A;Z) ^ h''{X;Z) 9*//*(X;Z) ^ 0. 

ifk = Oork=l. 

Remark 8.7. Sequences ( |94] | and ( |95] | can be derived by homological algebraic meth- 
ods. There are several ways to obtain differential cohomology as the cohomology of a 
chain complex. The smooth Deligne complex and the Hopkins-Singer complex that com- 
pute degree-^ differential cohomology both depend on k. Thus the cohomology groups in 
the long exact sequence obtained from the corresponding mapping cone complexes coin- 
cide with differential cohomology only in degree k. 

The Hopkins-Singer complex can be modified so that all its cohomologies realize dif- 
ferential cohomology, see |7 p. 271]. The mapping cone construction then yields a long 
exact sequence where the absolute cohomology groups coincide with differential cohomol- 
ogy. But the corresponding relative groups for this modified complex are only subquotients 
of the groups of relative differential characters, [7, p. 278ff.]. 

Another long exact sequence for relative and absolute differential (generalized) coho- 
mology is constructed in [47™ Thm. 2.7]. Another way to define global trivializations of 
differential cohomology, based on the Hopkins-Singer complex, is described in [42J- 

Here we do not use any of these identifications of the groups of differential characters 
with the cohomologies of a chain complex, but give a direct proof. 

Proof of Theorem I8.6I We only consider the case k>2 because the case ^ = is 
obvious and the case A: = 1 is similar to but simpler than the case k>2. 

At several steps in the proof we use the fact that the group U(l) is divisible, 
hence that for every injective group homomorphism G' — > G the induced homomorphism 
Hom(G,U(l)) Hom(G',U(l)) is surjective, see e.g. gO] pp. 32 and 372]. In other 
words, any homomorphism from a subgroup of G to U(l) can be extended to a homomor- 
phism from G to U(l). 

a) The map (p*H^-^\X;Z) H''-\A;'L) is the inclusion of a sub group and hence 
injective. 

b) We prove exactness at ^''"'(A;Z). For g G h'^^^^ [X;!.) and any {s,t) e 
Zf_^{X,A;Z) we have: 

i{(p*g){s,t) = {(p*g){t) 
^8i-ds) 

= exp (2.7:1 J —cmv{g)j 

= 1, 

because curv(^) = 0. Hence (p*H^^^\X;Z) C ker(i). 

To show the converse inclusion we pick g £ H^^\A;Z) with i{g) = 1. Let Q C 
Zk-2{A',Z) be the subgroup of those t G Zi^_2iA',Z) for which there exists an 5 G {X;Z) 
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such that {s,t) £Zf_^{X,A;Z). The condition i(g) = 1 is equivalent to g being trivial on Q. 
We construct^ e H^^'(X;Z) such that (p*g^g. Let Q' cZ<-_2(^;Z) be the subgroup gen- 
erated by (p^:Zk^2{A^,'Z) and Bit^2{X','Z)- We define a group homomorphism ^ : 2' ^> U(l) 
by setting 

(96) g{(p^x) g{x) , 

(97) g{dy) := 1 . 

The conditions are consistent since ^*Z<._2(^;Z) nBA_2(^;^) — (P*Q- By ( l97] l. any exten- 
sion to a group homomorphism g : Zi^_2(^;^) ~> U(l) yields a flat differential character 
on X. By ( |96] l. we have = g. 

c) We prove exactness at H^{X ,A;Z). For every z £ Z|(._i(X;Z), we have = 
i{g){z,Q) =g(0) = 1. Hence im(i) C ker(p). 

Conversely, let / G ker(/5). Thus /(z,0) = 1 for every z £ Zi._i(X;Z). For cycles 
(i,f),(s',f) e zf_i(X,A;Z), we have <9(.?-.?') = -^^f + ^*f ==0. Hence /(s - s',0) = 1 
and thus f{s,t) = f{s',t). Let Q C Zj:_2(^;^) be the subgroup defined in b). We define a 
group homomorphism g '■ Q U(l) by setting g{t) :— f{s,t). 

Now Z?|(._2(^;^) C Q, since for r = dy, we have (-(p^^jf) = d(p(0,-y) e 

can extend g as a group homomorphism 
g : Zk-2{A;1) ^ U(l). On B<,_2(A;Z), we have 

gidy) ^ fid^{0,-y)) =exp(^-27ti J^covif)^ . 

Hence g : Z^_2('4;^) U(l) is a differential character g G //'^^'(A;Z) with curvature 
curv(g) — — cov(/). Since /(i,? ) = g{t) for every (s,f) G Z^(X,A;Z), we have / = i{g). 

d) For the exactness at //*^(X;Z) consider the following commutative diagram with 
exact columns: 





a*-i(x) 



n*-'(A) 



H^^{X,A;Z) H''{X;Z) H''{A;Z) 



H!^{X,A;Z) ^H\X;1)-^H''{A\'L) 





The bottom row is part of the long exact cohomology sequence obtained from the short 
exact sequence of chain complexes 

0^a(X;Z) ^C?(X,A;Z) ->C*_i(A;Z) ^0. 

Let / G H^{X ,A;Z). From the commutativity of the diagram and the exactness of the 
bottom row we conclude c{(p*p{f)) = 0. Hence im(p) C ker{(p* o c). 
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Conversely, let h g ker((p* o c). We construct a section along <p. From the diagram we 
conclude that there exists a differential form % G ii*^^' (A) such that = i[x)- Hence 
^*curv(/!) =curv(^*/!) =curv(i(;^)) — (i;^. Let W cZ^_j(X,A;Z) be the subgroup gen- 
erated by bI_^{X,A;Z) and by pairs of the forni {s,t) = (z,0) with z € Zk-i{X;Z). We 
define a group homomorphism / : W ^ U(l) by setting: 

(98) 



f{d^{x,y)) := exp ^27ti- J curv{h) + J X 
(99) /((z,0)):=/2(z). 

This definition is consistent, since for (z,0) = d^{x,y) = {dx + (p^^y, —dy), we have 
f{{z,0))^h{dx + (p,y) 

= exp (iKi J curv(/!)^ • (p*h{y) 

= exp {iKi jcmy{h)^ ■ i{x){y) 



exp 


27i;/- 


y curv(/i) - 













*^/('5^(-^,3')). 

We extend / to a U(l)-valued group homomorphism on j(X,A;Z). By equation ( |98] ), 
this homomorphism satisfies ( |9T| i. Thus / e //^(X,A;Z). Equation ( |99] l implies that 

e) Finally, the map ^* oc : H'^{X;Z) — > (p*H'^(X;Z) is surjective since c is surjective 
by ( |29l ) and pull-back along (p is surjective onto its image. □ 



Corollary 8.8 (Long exact sequence). For k>2we have the following long exact 
sequence: 
(100) 

... ^//*-2(X;U(l)) ^//^-i(A;Z) 4//^(X,A;Z) A//*^(X;Z) ■ 
The sequence extends on the left and on the right as the mapping cone sequence for singu- 
lar cohomology with coefficients U(l ) and Z, respectively. 

Proof. We use the identification H''-^{X;\5{1)) ^ H^-^\X;Z) from diagram 
In particulai-, the map ./ : H''-^{X;U{1)) H''-\X;'L) is injective. 

Exactness at the three middle terms is clear from Theorem 18.61 From the mapping 
cone sequence for cohomology with U(l)-coefficients, we conclude: 

ker[;o^*://*^-2(X;U(l)) ^//^■-'(A;Z)] : h''-^{X-\5{1)) ^ h''-^{A;\]{\))] 

= im[i/;-2(X,A;U(l)) ^//^-2(X;U(1))] . 

This proves exactness at H'^^^[X\\][1)). 

From the mapping cone sequence for cohomology with integral coefficients and sur- 
jectivity of c, we conclude: 

ker[//*^(A;Z) ^//^+'(X,A;Z)] ^\m[(p* ■.h''{X;'L) ^ h\A;'L)] 

= \m[(p*oc:H\X;'L)^H''{A;Z)] . 

This proves exactness at //'^(A; Z). □ 
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A differential character h G H'^{X;Z) is called topologically trivial along (p if 
(p*c{h) = 0. A differential character h e H''{X;Z) is called^af along (p if (p*cuiy{h) — 0. 

As is well-known, a U(l)-bundle is topologically trivial if and only if it admits sec- 
tions. Topological triviality is detected by the first Chem class. Thus the pull-back bundle 
along a smooth map (p is topologically trivial if and only if the original bundle admits 
sections along (p. A similar statement holds for differential characters of any degree: 

Corollary 8.9 (Properties of sections). A differential character h G H^{X;'Z) ad- 
mits sections along a smooth map (p : A ^ X if and only if it is topologically trivial along 
(p. 

If h admits parallel sections along (p, then h is also flat along (p. Conversely, if 
(curv(/!),0) e £2^q(X,A) and h is topologically trivial along <p, then it admits a paral- 
lel section. 

Sections along (p are uniquely determined by their covariant derivatives if (j?* : 
Hk_2{M'^) -^i//t-2(^;Z) isinjective. Explicitly, iffufi eH^(X,A;Z) with p{fi) = /5(/2) 
and cov(/i) = cov(/2), then fi = f2. 

Proof. The first statement follows immediately from Theorem 18. 6 1 
For the second, let / G H^{X,A;Z) with p{f) = h and cov(/) = 0. Then 
ii(p(curv(/),cov(/)) ~ implies = ^*curv(/) — t/cov(/) = (p*cnrv{h). Conversely, by 
surjectivity of the map (curv,cov) : H'^{X ,A;Z) — q(X,A), we findaparallel section if 
(curv(/i),0) e n^Q(X,A). A necessary condition is (p*ciirv{h) ~ 0, but this might not be 
sufficient. 

To show the last assertion, observe that ^*/4-2(^;^) = Hii_2{X','Z) implies 
(p*//^,-'(X;Z)-(p*//^-2(X;U(l)) 

= (p*Hom{Hk_2{X;Z),U{l)) 
= Hom((p*i/A._2(A;Z),U(l)) 
= Hom(//i_2(A;Z),U(l)) 
= h''-^{A;\J{1)) 
= H^;,\A;Z). 

Now let /i ,/2 e h!^{X,A; Z) be sections of /i e H''{X;Z) with cov(/i ) = cov(/2). By The- 
orem 18.61 we have f\— f2= for some g e H'^^^ {A;T). Since curv(g) = — cov(/i — 
/2) = 0, we have g G Hl-^'iA-l) = (p*%'(X;Z). Hence /i -/2 - x{g) = by Theo- 
rem[82] □ 

Remark 8.10. Any differential character h e H'^{X;Z) has local sections in the fol- 
lowing sense: If (p : A — > X is smooth where A is contractible, then H'^{A; Z) = 0. Hence h 
is topologically trivial along (p and therefore admits sections along (p. 

Example 8.11. Let G be a compact Lie group with Lie algebra g. An invariant 
polynomial, homogeneous of degree k, is a symmetric Adg-invariant multilinear map 
q : 0®^ — ?• M. The Chern-Weil construction associates to any principal G-bundle with con- 
nection V) a closed differential form CW{q) = q{R^) £ Q?'^{X) by applying the poly- 
nomial q to the curvature 2-form of the connection V. Consider those polynomials q for 
which the Chern-Weil form CW (q) has integral periods. Let u G H^^{X;Z) be a universal 
characteristic class for principal G-bundles that coincides in //^*(X;R) with the de Rham 
class of CW{q). The Cheeger-Simons construction [17. Thm 2.2] associates to this setting 
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a differential character CVK(g',M) €H^''(X;Z) with curvature curv(CW(g',M)) =CW(V,^), 
the Chem-Weil form, and characteristic class c{CW {q, u)) — u, the fixed universal charac- 
teristic class. The construction is natural with respect to bundle maps. 

Since the total space EG of the universal principal G-bundle is contractible, univer- 
sal characteristic classes vanish upon pull-back to the total space. By Theorem 18.61 the 
Cheeger-Simons character CW{q,u) thus admits sections along the bundle projection n : 
P — s-X. The so-called Cheeger-Chern-Simons construction of |3 1 yields a canonical section 
CCS{q,u) £ hI^{X,P\1) with covariant derivative cov(CCS(^,m)) = CS{q) G ^^^^"'(f ), 
the Chern-Simons form. The construction is natural with respect to bundle maps. 

3. Relative differential characters and fiber integration 

Throughout this section, we consider the case that A C X is a smooth subspace and 
^ : A — 5- X the inclusion. We drop ^ in the notation and write //*(X,A;Z) instead of 
//*(X,A;Z). 

Let us consider the space //*(X,X;Z) of differential characters with global sections. 
Let {x,y) £Zii{X,X;'Z). Then we have jc = —dy, hence {x,y) = (9(0, —y) and Zi(X,X;Z) = 
Bii{X ,X;'Z). Therefore any relative differential character / G H'^ [X ,X;'L) is of the form 

/(c, -de) - f{d{0,c)) = exp (inijcovif)) . 

Conversely, each {k — l)-form ■& defines a relative differential character in H^{X ,X;Z) by 

f{c,~dc) = exp (ini J^'&y 

Thus cov : H^{X,X;7j) — > fi'^^'(X) is an isomorphism. Moreover, the diagram 
H''{X,X-Z) "-^ 





H''{X;Z 
commutes. 

We may now reinterprete fiber integration for fibers F with boundary 
as follows: Given h E H'^{E;1j), fiber integration along F yields a form 
p = (-l)'^-''™^f^curv(/!) ei2^-'^™^(X) in the notation of Proposition |7J7] 
Applying the isomorphism cov^', we obtain a relative differential character 
nfh e ^'^-'*™(^)+i(X,X;Z) with the property, that p{%h) i(p) nf^h. Hence 
we have constructed a fiber integration map 

(101) Trf = cov-io^o(-l)'^-'i™^curv: //*^(£;Z) ^H^-''™(^)+'(X,X;Z) 
such that the diagram 

(102) H*(£;Z) 




i/*^-'i™^+i(X,X;Z) ^7?'^-''™''^(X;Z) 

commutes. 
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Example 8.12. Let the fibers ofTf.E^Xhe diffeomorphic to compact intervals and 
carry an orientation. Let k — 2 and let P be a U( 1 )-bundle with connection V corresponding 
to /z G H^{E;Z). In the notation of Examples 17. 201 and l7.21l we have 

nf^P = (r - Hom((r it TP) 

where Hom stands for (unitary^Qhomomorphisms. Now Trf P G //2 (X , X ; Z) yields a global 
section a of Ttf^P — Hom((j^)*P, uniquely determined up to multiplication by 

an element in U(l) over each connected component of X. In the construction of a we 
choose o(x{^ G {7tf^P)xQ = Hom(Py-(-^p),Py+(-fp-)) as the parallel transport in P along the 
fiber for some fixed xq. Then one can check that a{x) is parallel transport in P along 
the fiber Ex for all x in the connected component of X containing xq. 



If we regard fc^^P as a U(l)-principal bundle, we have to take unitary homomorphisms. If we regard it as 
a complex line bundle, we have to take all C-linear homomorphisms. 
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Applications 

We will now see how various constructions occurring in different contexts in the lit- 
erature, such as higher-dimensional holonomy, parallel transport and transgression as well 
as chain field theories, can be described using the general calculus of absolute and relative 
differential characters developed in the preceding sections. 



1. Higher dimensional holonomy and parallel transport 

In this section, we discuss holonomy and parallel transport of differential characters 
along compact oriented smooth manifolds. Holonomy of smooth Deligne classes has been 
discussed in tl5i Sec. 3]. Surface holonomy was considered as classical action for a quan- 
tum field theory in Il26ll24l . An approach to holonomy along surfaces with boundary using 
D-branes is described in ll24l Sec. 6]. 

For a U(l)-bundle with connection (P,V) on X, holonomy around a closed loop is 
defined geometrically by parallel transport. Parallel transport along a path 7 : [0, 1] — > X in 
the associated complex line bundle takes values in the line L*^q-^ Cg)Ly(i). Holonomy along a 
closed path 7 : [0,1] — > X is the element in U( 1 ) that corresponds to the value of the parallel 
transport in L* €3 Ly(o) = C. 

Higher dimensional holonomy. In abritrary degree k, let h e H''{X; Z) be a differential 
character In view of Example 15.71 we may think of the map h as defining holonomy 
around orientable closed manifolds of dimension k—l. More explicitly, for a smooth map 
(p ■.L^X from an oriented closed {k — 1) -manifold E, we set 

(103) Hol''((p) := (p*hm) = (p*hmds,)^K(p*[nds,)- 

Holonomy is invariant under thin cobordism in the sense of lll3l : for a cobordism <1> : 
W ^X from ^ : E ^ X to (p' : L' -J> X, we have (pi [I.%s, - <P* [^ds, [W]st ■ If the 

cobordism is thin, then <I>*c e Sk{X;Z) for any fundamental cycle c of W. Thus Hol''(^') = 
/i((p:[E']5s,)=M<P*P]5s,)=Hol''((p). 

Higher dimensional parallel transport will be defined analogously by evaluating differ- 
ential characters along oriented smooth {k— 1) -manifolds with boundary. The result will 
be an element in a complex line attached to the boundary. For surfaces such constructions 
are well known from Chem-Simons theory, see e.g. [4f, Sec. 2] and flT, Sec. 2]. 

Construction of the line bundle Let h G H^{X\ Z) and let be a compact oriented 
(k~ l)-manifold W with boundary dW — E. Let ^ : E — > X be a smooth map which 
extends to a map defined on W. In other words, it lies in the image of the restriction map 
r : C°°(W,X) C°°(5W,X), 1-^ For a smooth map 4> : W ^-X we set -4> : W X 

for the same map from the manifold with reversed orientation. On the set C°°(W,X) x C, 
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we consider the equivalence relation 

(104) (4>,c) - (4>',c') :^ r(4>) = r(<I>') and c = Hol''(4>' -4>) • c'Q 
For (p e r{C°°{W,X)), this defines a complex line 

(105) ^!;:={{<P,c)\<Per-\(p),ceC}/^ . 

Varying the map (p, we obtain a complex line bundle — r{C°°(W,X)). Holonomy 
defines a Hermitian metric on by 

(106) ([Oi,ci], [4>2,C2]) := Hol^(<I>i U<p -Oj) -ci -q . 

This is well defined, since for (Oi ,ci) (4>[ ,Cj) we have c\ ~ Hol''(<I>i U,p -^'yi ■ c\ and 
thus 

( [4>; , c'l ] , [4>2 , ) - Hol^' (4>'i -Oz) • c'l • 

= Hol'X*i ) • Hoi'' (4>'i -Oz) • CI ■ 

= Hol''(4>iU^-<I>2)-ci-c^ 

= ([<I>I,Ci],[<I>2,C2]). 

Higher dimensional parallel transport. Parallel transport along <I> : W — > X is defined 

by 

(107) PT''(<I>):=[4>,l]e^/[^). 

The map FT'' : C°{W,X) if'', ^ [4>, 1], is a section of along the restriction 
map r. Moreover, [<I>, 1] has unit length. Thus parallel transport yields a section of the 
U(l)-bundle associated with the Hermitian line bundle ^''. 

The connection V'' on ^''. We construct a connection V'' on the bundle ^'' by 
describing its parallel transport (not to be confused with the higher dimensional par- 
allel transport constructed above): Choose a path 7: [0,1] r(C°°(W,X)) and a lift 
F: [0,1] ^C~(W,X) withror= 7 Defined : [0,1] x W by F(r,w) :=r(f)(w). 

The path F yields a lift of the path 7 to the total space ^'', defined by 

r:[0,l]^^'', r(r):=[F(f),l]. 

We define parallel transport along the path 7 to be the homomorphism 
(108) 

:if''(0) ^^r(0' r(0) = [F(0),1] .^exp(-27r/ / FW(/;)) • [F(f), 1]. 

^ J[0,f]xW ' 

Identification of the holonomy ofV''. Now we compute the holonomy of this connec- 
tion. Let 7: [0, 1] r{C°°{W,X)) be a closed curve, i.e. 7(0) = 7(1) = ^ g r(C~(W,X)). 
Then the lift F : [0, 1] C°°{W^X) need not be closed. But for any w E dW, we have: 

F(0,w) =F(0)(w) = 7(0)(w) = = 7(l)(w) =F(l,w). 

Hence /^|[o,i]x(9w descends to a map / : 5' x dW — ?• X. 

By definition, holonomy along 7 in the bundle (^'\V'') is the complex number 
Hol^''(7) £ C* defined by 

(r(0))=Hol^''(7)-r(0)- 

'in general, <!>' — O is not smooth as a map defined on the manifold W VJ^w W but it defines a smooth 
singular cycle if the fundamental cycle of W U^iv W is chosen appropriately. 
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By ( 1104b . we may write 

r(o) = [r(o),i] = (Hoi'Xr(i)u,p-r(o)))-'.[r(i),i] = (Hoi"(r(i)u^-r(o)))-'.r(i). 

Thus we obtain for the parallel transport along the closed curve 7: 
^^"(r(0)) =expf-2;r/ / F*cmv{li)) ^(1) 

^ J[QA]xW ' 

= e\p(~27:i curv(/!)) ■r(l) 

^ Jf,{[OA]xW) ' 

= /i(-aF*([o,i]xw))-r(i) 

= /!(F*([0,1] x5W)-F*({l}xWU{0}x w)) -TO) 

= /i(F,([o,i] x<9w))-/i(r(i)*w-r(o)*w))"'-r(i) 
= r/!([5ixaw])-Hoi''(r(i)u^-r(o))-'-r(i) 
^rh{\s' X aw]) -Hoi'xni) -r(o))-i ^(1) 
= Hoi'x/)-r(o). 

Consequently, 

(109) Hol^"(7) = Hol''(/) G U(l) c C* . 

Thus the holonomy of V^' along the path 7 coincides with the higher dimensional holonomy 

along the map/:5i x^W-^X. 

In particular, we have defined a unitary connection V'' on the line bundle 
^ r(C°°(W,X)) with holonomy given by the holonomy of the differential character 

Computation of the connection 1-fonn. The bundle — > r{C°°{W,X)) with con- 
nection V'' and section PT'' along the restriction map r : C°°{W,X) — > C°°{dW,X) yields 
a relative differential character [^'', V'',PT''] e H^{r{C"'{W,X)),C°°{W,X);Z). To com- 
plete the picture of the equivalence class [^'', V'',PT''] as a relative differential character, 
it remains to compute the 1-form cov([^'', V'',PT'']) G i2' (C°°(W,X)). By Example[831 
this corresponds to the connection 1-form of r* V'' with respect to the section PT''. We now 
compute this 1 -form. 

Let r : [0, 1] C°°{W,X) be a path as above and F the corresponding lift of the path 
7= roFto the total space r*j2f''. The connection 1-form jj''*^'' of r*V'' is determined by 
parallel transport along the path F through the equation 
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:r*if;'(o)^'-*^r(,)> r(0)K^exp(- /■ r'^" (f')(.)«'.) • F(0 . 

J 

Comparing with (IIO8I 1, we obtain 

exp ( - [ (t>'"*^" {T')){s) ds) = exp ( - Ini f F*cu]:v{h)) 

^ Jo ^ ^ J\0.r]xW ' 



[0,r]xW 
[0 



-f F*curv(/i) 



= exp \^ — 2ni 

(110) =exp(-27r// F* ( -f ev*^cmv{h)' 

^ J[o.t] ^Jw ' 
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Here evw' : C°°{W,X) x W — > X, (<t>, w) <I>(w), denotes the evaluation map and fy^^ the 
fiber integration in the ti'lvial bundle [0,1] x W — > [0,1]. Since (II 10b holds for any t e [0,1], 
we have i>''*^''(r')(s) = 27ri • r*(Jjy ev5^curv(/i))j(^). This determines the connection 1- 
form of r*V^ with respect to the section F along the path y : [0, 1] r{C°°(W,X)). By 
Example [13] we conclude 

(111) cov( [^'' , V'' , PT''] ) = - / ev^curv(/!) . 

The transgression maps defined in the following sections use fiber integration to gen- 
eralize the construction of the line bundle with connection (^'', V'') and the section PT'' 
along the restriction map. 

2. Higher dimensional transgression 

In this section, we define transgression of differential characters of arbitrary degree 
along oriented closed manifolds. The classical case studied in the literature is transgression 
along for degree-2 and degree-3 differential cohomology. Our construction generalizes 
these classical cases to transgression along oriented closed manifolds of arbitrary finite 
dimension. It turns out that the holonomy defined in Section [T] is a special case of this 
transgression. 

Let E be a compact smooth manifold without boundary, and let X be any smooth 
manifold. Then the space C°°(E,X) of smooth maps from E to X is again a smooth space as 
explained in Section|2] The best-known space of this type is the free loop space .^{X) :— 
C"'{S\X) of smooth maps from the circle 5' to X. 

The evaluation map ev£ is defined in the obvious way: 

evj; :C"(E,X) xE^X, {(p,s) ^ (p{s). 

We consider the pull-back ev|. : H''{X;Z) H*^(C"(E,X) x E;Z). If E is oriented, then 
we can integrate differential characters in H'^{C°°{L,X) x E; Z) over the fiber of the trivial 
fiber bundle C°°(E,X) x E 4> C°°(E,X). 

Definition 9. 1 (Transgression along closed manifold). Let E be a compact oriented 
smooth manifold without boundary, and let X be any smooth manifold. Transgression 
along E is the map 

(112) Ti://*(X;Z)^//*-'^™^(C~(E,X);Z), h^%{twlh). 
In particular, for E = 5' we have 

T51 ■.H*{X;Z)^H*-^{^(X);Z), /1 H- 7r!(ev*i/!) . 

Example 9.2. For k — 2, transgression along E = 5' associates to a U(l)-bundle on 
X its holonomy map (X) -> U(l). 

For ^ 3, transgression along E = 5' has been discussed in quantum field theory 
to construct the anomaly bundle over loop space ll26l l8l. In this case, the image of the 
transgression map has been characterized Il48ll49l . 

Example 9.3. Let h e H*(X;Z). Let dimE = k-l. Trans gression along E yields a 
differential character t^h G //'(C°°(E,X);Z), which by Example lS^ corresponds to U(l)- 
valued function on the mapping space C°°(E,X). We verify that this function coincides 
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with holonomy of h as defined in Section [T] For any fixed <j? G C°°(E,X), we have the 
pull-back diagram: 



1(0 xid 



{9} xE— ^C~(E,X) xL-^X 

W} ^C~(E,X). 

Thus by naturality of fiber integration, we have: 

Hol"((p)'P((p*/i)([I]) 

= (jf!(;,p X id)*ev£/i)) 

(113) ^{z^h)i(p). 

To evaluate the U(l)-valued function T^h on the map (p, we could have used Def- 
inition 17.31 instead of the pull-back diagram. But the argument above can be general- 
ized to compute the holonomy of the character T-^h for transgression of any degree: Let 
h £ H''{X;7j), and let E2 be an oriented closed manifold. Let Ej be an oriented closed man- 
ifold of dimension dim(Ei) = A: — dim(E2) — 1, and let 9 : Ei — > C°°{T.2,X) be a smooth 
map. By ( 1113b we have: 

(114) Uol'^2\(p) = {x^^{T^^h)){cp). 

We generalize this equation, replacing holonomy by transgression: Let Ei and E2 be com- 
pact oriented smooth manifolds without boundary. The evaluation in the first entry yields 
a canonical identification 

evi :C"(Ei xE2,X)^C"(Ei,C"(E2,X)), / ^ (f ^ /(f , •))• 

Using functoriality and naturality of fiber integration, we conclude that higher dimensional 
transgression is functorial and graded commutative: 

Proposition 9.4 (Functoriality of transgression). LetY.\ and E2 be compact oriented 
smooth manifolds without boundary. Let h G H^{X;1i}. Then we have: 

(115) TE^xI^/'^evKTl, oTi,)/l = (-l)''™^'-''™^^Ti,xI,/^. 



Proof. The canonical diffeomorphism Ei x E2 — > E2 x Ej yields a canonical identi- 
fication C°°(E2 X Ei,X) ^> C°°(Ei X E2,X). The fiber orientation in the trivial fiber bundles 
with fiber E2 x Ei is (_i)dimi,.dimi2 times the one in the bundles with fiber Ei x E2. Ac- 
cording to Proposition |7?T2l we obtain X^ixi^h = (-l)'^™^'''^™^2-j-j;^^j;j . 
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The evaluation maps fit into the commutative diagram: 



C"(Ei xE2,X)x(Ei XE2) 
C~(Ei xE2,X) xEi — 



ev] xid 



evi xid 



evi 



(C~(Ei,C~(E2,X))xEi)xE2 

■C~(Ei,C~(E2,X))xEi 

-C~(Ei,C"(E2,X)). 



evj: xid 



■C~(E2,X)XE2 
— C~(E2,X) 



C~(Ei XE2,X) — 

Here Tl^' denote the various projections in trivial bundles with fiber E,- and — -j^^i o 

Tt^^ denotes the projection in the trivial bundle with fiber Ei x E2. We decompose ev£j 
as in the top row of the above diagram: 

evi, = evj:^ o (evj;, x id^,) o (evi x id^j XI2) • 

Using naturality of fiber integration, we obtain: 

TZlxEj ^^^'''^'(eV^ixEj^) 

1'7ff'7rf2(evi xidr,xE2)*(evrj xidr,)*ev£^/; 
l'7rf'(evi xidEj*jff2(evi, x idi,)*ev£^/z 
'i'evt(jff' oev|;J(7rf2oev£J/! 



= evi(Tj:| ote,)/i. 



□ 



Holonomy of differential characters is additive with respect to topological sums 
(i.e. disjoint union of oriented closed manifolds): for h 6 H'^(X;Z) and (j? : Ei UE2 — X, 
we have 

Hol''(9) = UE2]a5,) = M<PuPi]5s, + 'P2jJ:2]5s,) - Hol''((pi) •H01''((P2). 

Here (jO, denotes the restriction of 9 : Ei U E2 ^ X to E, for / = 1,2. 

Likewise, transgression along oriented closed manifolds is additive with respect to 
topological sums: Denote by r, : C°°(Ei UE2,X) ^> C°°(E,;X), (p (pi, i — 1,2, the restric- 
tion maps. Then we have: 

Proposition 9.5 (Additivity of transgression). Let Ei and E2 be oriented closed 
manifolds. Let h G Then we have: 

(116) -CziuLih = rl{zzih) + r*2{Tz^h) . 

Proof. For / = 1 , 2 set: 

£:=C~(EiUE2,X) X (E1UE2) 



E, 



= C°°(EiUE2,X)xE,- 
= C~(E;,X)xE,. 
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The canonical inclusions E, ^ (Ei UE2) yield inclusions ji : E. From the restriction 
maps r; and the evaluation maps, we obtain the commutative diagram: 

(117) E 




Di X 

Ei 

Let z e Zi_i_dimE,(C°°(Ei UE2,X);Z). Choose C(z) £ J°i-i-dim£,(C~(Ei UE2,X)) and 
a{z) e Q._dim£,(C~(Ei UE2,X);Z) such that [z- da{z)]ds,_,,^^^ = [C(z)]a5,_d™E,- More- 
over, choose Cln.jz) = n*li,{z) and fl(r,„z) = r,*a(z). Then we have: 

Applying the evaluation map ev£j □j;^ and using ( |117| i. we obtain: 

(evr,ui,)4PB£CW]5s, = (evi,ui,)*(i: 7/jPBz,,C(z)]5s,) 

2 

'^Eevz,,((r,-xidr,)4PBo,C(z)]a5j 

1=1 

2 

(118) =Levr,jPB£,C(r,*z)]55^. 

i=\ 

In the last equality we have used ( fTTI ) for the pull-back diagram: 

riXidF. 

Z), '■ ^ Ei 



C~(Ei UE2,X) ^ C~(E„X) . 

Now we compute the transgression along Ei U E2: 

(Tiiui2/i)(z) = (?r!(ev2:,uE2)*/!)W 

'i'(evr,ur2)*M[PB£CW]a5j-exp(27r//" / cmv{^v%uz,h)) 



/ZlL 
2 



/!((eviiui2)*[PB£C(z)]asJ •exp(27i;/ /" ^ -/ ;;(evj:,uE,)*curv(/!) 

^ ^ ^ Ja(z)i=\J'Li 

/^(L(evr,)4PB£,C(n*z)]a5; 



fTTst.fTTTl 



exp (271:/ \ T-f in X idr, )* (evi, )*curv(/!) 

^ Ja(z)i=lJz, 



^/^(L(evi,)4PB£,C(n*z)]5s,) ■exp(27r/f / / (evz,rcurv(/2) 
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Example 9.6. Let W be a compact oriented closed {k — l)-manifold with boundary 
dW = T,. In Section[Tl we have constructed a Hermitian hne bundle with unitary connection 
(^''jV'') on r{C"{W,X)). By Example 15.71 this corresponds to a degree-2 differential 
character on r{C°°{W,X). To show that [^'\V''] = Tgh G H^{{r{C°°{W,X));Z) it suffices 
to compare the holonomies, since holonomy classifies line bundles with connection up to 
isomorphism^ Let 7 : 5^ r(C°°(W,X)) be a closed path, and let / : 5^ x E X be the 
induced map as in Section[T] We then have: 

Hol-"(7) *^Hol^/) m v(T./.)(7) ^Hor^''(7). 

Thus [^^V''] = Ti/i. 

Remark 9.7. Transgression and Topological Quantum Field Theories. Topological 
quantum field theories in the sense of Atiyah H) are symmetric monoidal functors from a 
cobordism category to the category of complex vector spaces. In particular, they associate 
to topological sums of closed oriented manifolds the tensor products of the vector spaces 
associated to the summands. Transgression of differential characters has similar functorial 
properties in the sense that it is additive with respect to topological sums. 

Topological quantum field theories associate to an oriented compact manifold with 
boundary an element in the vector space associated to the boundary. Similarly, transgres- 
sion along oriented manifolds with boundary yields a section along the restriction map 
of the differential character obtained by transgression along the boundary. Transgression 
along manifolds with boundary will be constructed in the following section. 

3. Transgression along manifolds with boundary 

Let W be a compact oriented smooth manifold with boundary dW . Restriction to the 
boundary defines a map r : C°°{W,X) — s> C°°{dW,X), r{(p) = (p\dw We consider the trivial 
bundles 

E = C°°{W,X) xW^ (r{w,x) , 
dE = C°°{W,X) xdW ^ C"{W,X) 

and the evaluation map 

evw:C"(W,X) xW^X, {(p,w) ^ (p{w) . 

In analogy to the transgression along oriented closed manifolds, we define: 

Definition 9.8 (Transgression along manifold with boundary). Let be a compact 
oriented smooth manifold with boundary dW and let X be a smooth manifold. Fiber inte- 
gration for fibers with boundary yields the following two transgression maps along W and 
dW: 

: //*^(X;Z) ^ //'^-''™'^+i(C~(W,X),C~(W,X);Z) , 
h ^ Tcfew^h , 



Here we do not distinguish notationally between Tj/i as differential character on C°°[S,X) and its restriction 

to r{C°{W,X))^C°[S,X). 
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Example 9.9. We consider the special case k = 2 and W = I — [0, 1]. The space 
^(X) := C°°{I,X) is called the path space of X. In this case, the trivial bundle dE = 
C°°{I,X) xdl ^ ^{X) X {0, 1} g^{X) is a twofold covering. By Example l57l any 
differential character h G H^{X;'Z) corresponds to (the isomorphism class of) a U(l)- 
bundle with connection V) on X. Transgression along dl yields a U(l)-bundle with 
connection t'^^(P, V) on the path space ^{X). Its fiber over a path 7 G ^S^{X) is given by 
^y(0) ®^y(i)- Transgression along / yields a section cr of this bundle along the restriction 
map r : ^{X) C°°({0, 1},X) = X x X, (7(0), 7(1)). As we have seen in Exam- 
ple [Oil c(7) can be chosen to be the parallel transporter along 76 !!P{X). 

In the following we consider the relations between the three transgression maps T^vi?, 
T'^^ and T^. We first note that T^h is a section of T'^^/i: 

(119) p(T^/i) = p{nftv*y,h) *P Tr.-^^ev^/i = t^^/i . 

We note further that is not the same as T^iy defined in Section |2] (with E = dW) since 
the former takes values in differential characters on C°°(W,X) rather than on C°°{dW,X). 
But they ai-e related by the restriction map r : C°°{W,X) — > C°°{dW,X), (p !-> (p\sw We 
have the pull-back diagram: 

(120) dE = C'^{W,X)xdW -^C°{dW,X)xdW 



C°°(W^,X) ^ C"{dW,X) . 

By ( l62t . fiber integration is natural with respect to pull-back along smooth maps, hence 
Tif^oR* = r* o Trf . This yields 

(121) x'^^h = 7tf''isw*„h) = 7cf'^{R*ew*g„h) = r*7t,{cwl„h) = r*{xg„h) . 
Thus the three transgression maps fit into the following commutative diagram: 

( 1 22) ^<r-dim w+ 1 ((^oo (W,X), C°° iW,X); Z) 




^A-dimaw^C~(aw,X);Z) 

In particular, Xg^h e H''^'^^'''^^^ {C°°{dW,X);Z) is topologically trivial along r. for the 
pull-back along r of the characteristic class, we find: 

r c{xgwh) = c{r*Xgv^h) = c{x'"^h) = c{p{x'^h)) ^ 0. 

By Corollary 18.91 we conclude that Xg^rh has sections along the restriction map. Thus 
there exist relative characters / e Hj^-'^''"^^ {C°{dW,X),C'^{W,X);Z) with p{f) = Xgy^h. 
It would be nice to extend the transgression maps to a construction of such a section. In 
some cases, it is possible to presribe its covariant derivative. In more special cases, this 
uniquely determines the section. 

Sections for Xg^/h with prescribed covariant derivative. We want to construct 
a section / of Xg^rh along r with prescribed covariant derivative. Assume that 
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^* . H''-'^'^''^-\C°°{dW,xy,Uil)) //*-''™'^'*'-i(C°°(W,X);U(l)) is the trivial map. 
This holds for instance if W = / and X is connected, since in this case the path 
space C°°{W,X) — ^{X) is contractible. We start with a pair {c\irv{Tgy^h,x) 
nfo''™^"'(C~(<9W,X),C"(H',X)). Since the map 

(curv,cov) : H'--'^™^'^(C~(aW,X),C~(W,X);Z) ^ £lf/™^'^(C~(aW,X),C"(^^ 

is surjective, we find a relative character /o G //,*^"*"'="^(C°°(5W,X),C~(W,X);Z) 
with (curv(/o),cov(/o)) — {cuiv{Tg^h,x)- Now take any section fi of tg^,h. 
Since curv(/o) — curv{Xg^^h) = curv(/i), we have p{fi) — p{fo) = for some 
M e i/'^^'^™'^'^^' (C°°((3H^,X);U(1)). By the mapping cone sequence for cohomo- 
logy with U(l)-coefficients and the assumption on the restriction map, we find u £ 
i/*^-'*™'^"'-i(C~(aW,X),C"(W,X);U(l)) = {0} which maps to u. Now put / := /o + 
j{u). Then we have p{f) = p{fo) + = = '^dw^- Moreover, cov(/) = cov(/o) = 
X- Thus we have found a section / of Tgy^h along the restriction map r with prescribed 
covariant derivative cov(/) ~ X- By Corollary 18.91 the differential form x uniquely 
determines the section / if in addition the map r* : H''-'^''^^^-^{C°{dW,xy,lJ{l)) ^ 
//'^-'*™'^"'-i(C°°(W,X);U(l)) is surjective, i.e. if H'^-'^™'''^-1(C~(W,X);U(1)) = {0}. 
Thus we have proved: 

Corollary 9.10 (Transgression with prescribed covariant derivative I). Let X be 
a smooth manifold, and let h G H^{X;'Z). Let W be an oriented manifold with bound- 
ary. Assume 7/*^-'^™'^*^-' (C~(VK,X);U(1)) = {0}. Let x G n'^"'*™'^'^-' (C°°(H^,X)) be a 
differential form such that {cmw{Xdv^h),x) G nf,o'^™'^^(C"(5W,X),C°°(H',X)). 

Then the transgression maps T^-w, x'^^ and 1^ defined in Sections^and\3\uniquely 
determine a relative differential character t:^ g^h £ Hj^^'^™^^ {C°°{dW,X),C'"{W,X);'Z) 
satisfying 

A distinguished form x G (C°°(W,X)) is obtained by integrating 

ev^curv(/i) over the fiber of the trivial bundle C~(W,X) x W ^ C°°(W,X). This will be 
discussed in the remainder of this section: 

Sections for X^w^ with covariant derivative determined by transgression. Transgres- 
sion along W yields the form coy{x^h) e Q.''^^'"'''^^^ {C°° {W ,X)) as a natural candi- 
date for the covariant derivative of a section Xg^,h along the restriction map. The pair 
(curv(T5w/',cov(T^/i)) is ii,-closed since 

r*curv(T5iy/i) = curv(r*T5vi//i) ^ cmv{x^^h) ^ dcov{x^h) . 
It remains to check that it has integral periods. In general this might not be the case. 

Corollary 9.11 (Transgression with prescribed covariant derivative II). Let X be a 
smooth manifold, and let h £ H''(X; Z). Let W be an oriented manifold with boundary. Ai- 
sume H''-'^''^^^-\C'^(W,X);U{1)) ^ {0}. Assume further that {cuiv (xgy^h), cow {x^ h)) £ 

nf/™^"'(c~(aw,x),c~(iv,x)). 

Then the transgression maps T^vi/. f'^^ ^^d X^ defined in Sections^and\3\uniquely 
determine a relative differential character £ //f^*™'^'^(C°°((3W,X),C°°(W,X);Z) 
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satisfying 

cov(Tw,aw/^) = cov(T^/;) *P (_i)'^-d™w' i ev^curv(/2) . 

Jw 

Example 9.12. Let k = dimW. In this case, the assumption on r* is automatically 
satisfied. Given a differential character h G H^{X\'L), we obtain the relative character 
lw,dwh e H/(C"(5W,X),C°°(W,X);Z), in other words a U(l)-valued function Tg^^h = 
Hoi'' on C°°{d'W,X) together with a real-valued function cov(t^/i) on C°°{W,X). The con- 
dition p{i-w.d'w) — '^dw^ says that Hoi'' or = expolni ■ cov(t^/i). In the special case k — 2, 
this is the well-known fact that the holonomy along a contractible loop is given by the 
integral of the curvature over a spanning disk. 

Example 9.13. Let k = dimW + 1. In Section [T] we have constructed a Her- 
mitian line bundle with connection (^'',V'') on r{C°°{W,X)) together with a section 
PT'' along the restriction map r. By Example 18.41 this determines a relative differen- 
tial character V'',PT''] G H^{r{C°°{W,X)),C'^{W,X);Z). By Example |931 we have 
p{[^'' ,V'' ,PT'']) = V''] = T^iy/i. Moreover, by (flTll . we have co v([^ ^ V'',PT'']) = 
— j-y^ev^curv{h) = co\(x^h). Under the assumption of Corollary 19. Ill we conclude 
[if'',V'',PT''] = %,a^/i. 

4. Chain field tlieories 

Topological quantum field theories in the sense of Atiyah LI I are symmetric monoidal 
functors from a cobordism category to the category of complex vector spaces. This con- 
cept of topological field theories has been modified in several directions, e.g. by replacing 
the source or target category. 

Chain field theories in the sense of ll46l are a modification of topological field theories 
where the source category is replaced by a category with smooth cycles as objects and 
chains as morphisms. Chain field theories are closely related to differential characters. 
Using the notion of thin chains, we generalize lll3l Thm. 3.5] from 2-dimensional thin 
invariant field theories to chain field theories of arbitrary dimension: chain field theories 
are invariant under thin 2-morphisms. 

We briefly recall the notion of chain field theories: The objects of the category 
Chain"+' {X) are smooth singular n-cycles in X. A morphism from x to x' is an (n + 1)- 
chain a such that da — x' — x. Taking the additive group structure of Zn{X;Z) and 
C„+i (X; Z) as the tensor product turns Chain"+' (X) into a strict monoidal category, more 
precisely a strict symmetric monoidal groupoid, see fSd", Prop. 1.1]. 

Let z G Z„+i(X;Z) and let x be any object in the category Chain"+^(X). Then we 
have dz = — X — X. This yields a 1-1 correspondence of the automorphism group of any 
object of Cliaiii"+' (X) with the group Z„+i(X;Z) of smooth singular (n + l)-cycles inX. 

Let a, a' £ C„+i(X;Z) and x,x' G Zn{X;Z) with da — da' = x' — x. Then the chains 

a, a' yield morphisms x ^ x' , x ^ x' in Chain"+'(X) between the same objects x,x' . A 
chain b G C„+2{^\'^) satisfying db = a' — a is called a 2-morphism from the morphism 

X A x' to the morphism x -A x'Q We write a^ a' for a 2-morphism from x A x' to x x'. 



'In [46. p. 91], this is called a chain deformation. 
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9. APPLICATIONS 



If b E C„+2(^;^) is thin in the sense of Definition 13. 11 i.e. b G Sn+iiX',!'), then we call 

a ^ a' a thin 2-morphism. 

Denote by C-Lines the category whose objects are Hermitian lines and whose mor- 
phisms are isometries. A chain field theory on X is defined to be a functor of symmet- 
ric monoidal tensor categories E : Chain"+l(X) — > C-Lines with an additional smooth- 
ness condition. To formulate this condition, note that E maps the automorphism group 
Z„+i(X;Z) of the monoidal unit of Chain"+'(X) to the automorphism group U(l) of 
the monoidal unit C of C-Lines. Hence we obtain a homomorphismZ„+i(X;Z) — !• U(l). 
The smoothness condition for the functor E is the requirement that there exists a closed 
differential form O) e such that for any chain b e C„+2(^;Z), we have 



Thus a chain field theory E induces a homomorphism Z„+i (X;Z) — !> U(l), z H> £'(z)(l). 
By the smoothness condition ( 11231 ), this yields a differential character in (X; Z) with 
curvature (£>. Moreover, chain field theories are classified up to equivalence by the differ- 
ential characters obtained in this manner, see ll46l Thm. 2.1]. 

For any Hermitian line L, the group of isometric automorphisms of L is canonically 
identified with U(l). Thus let £ be a chain field theory, x G Z„(X;Z) an object, and z G 
Z„+i{X\ Z) an automorphism of x. Then the isometry E{x^x) of the Hermitian Une E{x) 
is given as 



By flS* p. 434], chain field theories in the sense of [46] generalize thin invariant field 
theories in the sense of llT3l . By llT3l Thm. 3.5], thin invariant field theories are invariant 
under thin cobordism of morphisms. In the context of chain field theories, we obtain the 
analogous result: 

Proposition 9. 14 (Thin invariance). Chain field theories are invariant under thin 2- 
morphisms: Let E : Ch.ain"+' {X) — > C-Lines be a chain field theory. Let x,x' G Z„ (X; Z) 

be objects and x ^ x', x ^ x' morphisms in Chain"+' {X). Let b G Sk+2{^\ ^) with db = 

h 

a' — a and a ^ a' the corresponding thin 2-morphism. Then we have 



Proof. The composition of the morphism x ^ x' with the inverse of x A x' yields an 
automorphism of x'. For the corresponding automorphism of E{x'), we have: 



(123) 




(124) 



£(xAx) = (£(0 40)(l))-id£(,). 



E{x^x')=E{x^x'). 



E{x^x')o{E{x^x')) 



E{{x^x')o{x' 



x)) 



E{x' 




(£(0 



a —a 



Vo)(i))-id,, 




:0 



= idy ■ 



Thus E{x ^ x') — E{x A x'). 



□ 
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